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PREFACE. 



This work, as at present issued, is designed as a shorter 
course in the Integral Calculus, to accompany the abridged 
edition of the treatise on the Differential Calculus, by Pro- 
fessor J. Minot Rice and the writer. It is intended hereafter 
to publish a volume commensurate with the full edition of the 
work above mentioned, of which the present shall form a part, 
but which shall contain a fuller treatment of many of the sub- 
jects here treated, including Definite* Integrals, and the Me- 
chanical Applications of the Calculus, as well as Elliptic Inte- 
grals, Differential Equations, and the subjects of Probabilities 
and Averages. The conception of Rates has been employed 
as the foundation of the definitions, and of the whole subject 
of the integration of known functions. The connection be- 
tween integration, as thus defined, and the process of summa- 
tion, is established in Section VI I. Both of these views of an 
integral — namely, as a quantity generated at a given rate, and 
as the limit of a sum — ^have been freely used in expressing 
geometrical and physical quantities in the integral forrr. 
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INTEGRAL CALCULUS. 



CHAPTER I. 



Elementary Methods of Integration. 



Integrals. 

I. In an important class of problems, the required quanti- 
ties are magnitudes generated in given intervals of time with 
rates which are either given in terms of the time /, or are 
readily expressed in terms of the assumed rate of some other 
independent variable. 

For example, the velocity of a freely falling body is known 
to be expressed by the equation 

^ = ^^, (i) 

in which / is the number of seconds which have elapsed since 
the instant of rest, and ^ is a constant which has been deter- 
mined experimentally. If s denotes the distance of the body 



2 ELEMENTARY METHODS OF INTEGRATION. [Art. !• 

at the time ty from a fixed origin taken on the line of motion, 
V is the rate of s ; that is, 

ds 

hence equation (i) is equivalent to 

ds= gtdt, (2) 

which expresses the differential of s in terms of / and dt. Now 

it is obvious that ^gf is a function of / having a differential 

equal to the value of ds in equation (2) ; and, moreover, since 

two functions which have the same differential (and hence the 

same rate) can differ only by a constant, the most general 

expression for s is 

^ = i^ + C, (3) 

in which C denotes an undetermined constant. 

2. A variable thus determined from its rate or differential 
is called an integral^ and is denoted by prefixing to the given 

differential expression the symbol , which is called the integral 

sign.* Thus, from equation (2) we have 



^\gtdt, 



which therefore expresses that ^ is a variable whose differential 
is gtdt ; and we have shown that 



\gtdt^\gi'^ C. 



The constant C is called the constant of integration; its 
occurrence in equation (3) is explained by the fact that we 
have not determined the origin from which s is to be measured. 

* The origin of this symbol, which is a modification of the long j, will be 
explained hereafter. See Art. 100. 



§ I.] THE DIFFERENTIAL OF A CURVILINEAR AREA. 3 

If we take this origin at the point occupied by the body when 
at rest, we shall have j = o when ^ = o, and therefore from 
equation (3) 67 = o ; whence the equation becomes s = \g^^ 



The Differential of a Curvilinear Area. 

3. The area included between a curve, whose equation is 
given, the axis of x and two ordinates affords an instance of 
the second case mentioned in the first paragraph of Art. i ; 
namely, that in which the rate of the generated quantity, al- 
though not given in terms of ^, can be readily expressed by means 
of the assumed rate of some other 
independent variable. 

Let BPD in Fig. i be the curve 
whose equation is supposed to be 
given in the form 

y=f{x). 

Supposing the variable ordinate 

PR to move from the position AB 

to the position CD^ the required 

area ABDC is the final value of the fig. i. 

variable area ABPR, denoted by 

-4, which is generated by the motion of the ordinate. The rate 

at which the area A is generated can be expressed in terms of 

the rate of the independent variable x. The required and the 

assumed rates are denoted, respectively, by -^ and — ; and, to 

express the former in terms of the latter, it is necessary to 
express dA in terms of dx. Since x is an independent variable, 
we may assume dx to be constant ; the rate at which A is gen- 
erated is then a variable rate, because PR or y is of variable 
length, while moving at a constant rate along the axis of x. 
Now dA is the increment which A would receive in the time 




4 ELEMENTARY METHODS OF INTEGRATION. [Art. 3. 

< ■ ■ 

dty were the rate of A to become constant (see Diff. Calc, 
Art. 17). If, now, at the instant when the ordinate passes the 
position PR in the figure, its length should become constant, 
the rate of the area would become constant, and the increment 
which would then be received in the time dt^ namely, the 
rectangle PQSRy represents dA, Since the base RS of this 
rectangle is dxy we have 

dA=ydx—f(x)dx (i) 

Hence, by the definition given in Art. 2, A is an integral, and 
is denoted by 

A=.^f{x)dx (2) 



Definite Integrals. 

4. Equation (2) expresses that -^ is a function of ;r, whose 
differential v&f{x)dx ; this function, like that considered in Art. 
2, involves an undetermined constant. In fact, the expres- 
sion \f{x)dx is manifestly insufficient to represent precisely 

the area ABPR^ because OA^ the initial value of x, is not indi- 
cated. The indefinite character of this expression is removed 
by writing this value as a subscript to the integral sign ; thus, 
denoting the initial value by ^, we write 



A = 



\f{x)dxy (3) 



in which the subscript is that value of x for which the integral 
has the value zero. 

If we denote the final value of x {OC in the figure) by by the 
area ABDCy which is a particular value of Ay is denoted by 
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writing this value oi x at the top of the integral sign, 
thus, 



ABDC 



^\'f{x)dx. (4) 



This last expression is called a definite integraly and a and 
b are called its limits. In contradistinction, the expression 

f{x)dx is called an indefinite integral. 



1 



5. As an application of the general expressions given in the 
last two articles, let the given curve be the parabola 

Equation (2) becomes in this case 

^dx. 



H 



Now, since \^ is a function whose differential is :^dxy this 
equation gives 

A = I ^dx z=z\^ •\. C, (i) 

in which C is undetermined. 

Now let us suppose the limiting ordinates of the required 
area to be those corresponding to ;r = i and ;r = 3, The vari- 
able area of which we require a special value is now represented 

by I ^dXy which denotes that value of the indefinite integral 

which vanishes when x =-\. If we put jr = i in the general 
expression in equation (i), namely \:f + C, we have \-\- C\ 
hence if we subtract this quantity from the general expression, 
we shall have an expression which becomes zero when j; = i. 
We thus obtain 

A={:t^dx = ix^^i. ' 
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Finally, putting, in this expression for the variable area, ;r = 3, 
we have for the required area 

^x'dx = 138 - i = 81. 

6i It is evident that the definite integral obtained by this 
process is simply the difference between the values of the indefinite 
integral at the upper and lower limits. This difference may be 
expressed by attaching the limits to the symbol ] affixed to the 
value of the indefinite integral. Thus the process given in the 
preceding article is written thus, 



I 



^:^dx = i;r« + cl = 9 - i = 8|. 

[ -Jl 



The essential part of this process is the determination of 
the indefinite integral or function whose differential is equal to 
the given expression. This is called the integration of the 
given differential expression. 

Elementary Theorems. 

7. A constant factor may be transferred from one side of the 
integral sign to the other. In other words, if w is a constant 
and u a function of Xy 

I mudx = m udx. 

Since each member of this equation involves an arbitrary 
constant, the equation only implies that the two members have 
the same differential. The differential of an integral is by 
definition the quantity under the integral sign. Now the 
second member is the product of a constant by a variable 

factor ; hence its differential ismdlludxl that is, m u dx, which 

is also the differential of the first member. 
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8. This theorem is useful not only in removing constant 
factors from under the integral sign, but also in introducing 
such factors when desired. Thus, given the integral 



\x''dx\ 



recollecting that 

dr(;r» + ') = (« + \)x*'dx, 

we introduce the constant factor « + i under the integral sigfn ; 
thus, 

\x''dx = ^— \{n + \)X^dx = — ^— ;r»+ ^ -h C 
J n ■\- \y ^ n + I 

9b If a differential expression be separated into partSy its in- 
tegral is the sum of the integrals of the several parts. That is, 
if «, z/, z£/, • • • are functions of x^ 

(« + z/ -f- ze/ + • • • *)dx =:\u dx -{• \v dx ■}• \w dx -^ . • • 

For, since the differential of a sum is the sum of the differ- 
entials of the several parts, the differential of the second mem- 
ber is identical with that of the first member, and each member 
involves an arbitrary constant 

Thus, for example, 

(2 — Vx)dx = \2dx — \x dx=: 2x — ix + C, 

the last term being integrated by means of the formula deduced 
in Art. 8. 

Fundamental Integrals. 

10. The integrals whose values are given below are called 
the fundamental integrals. The constants of integration are 
generally omitted for convenience. 



8 



ELEMENTARY METHODS OF INTEGRATION. [Alt. lO. 



Formula {a) is given in two forms, the first of which is de- 
rived in Art. 8, while the second is simply the result of putting 
n= — m. It is to be noticed that this formula gives an indeter- 
minate result when « = — i ; but in this case, formula ij?) may 
be employed.* 

The remaining formulas are derived directly from the for- 
mulas for differentiation; except that (/'), (^'), (/'), and (m') 

are derived from (y), (^), (/), and (w) by substituting — for x. 

i4' 



x'^dx = 



-n + X 



n + I 



Uix^ 



(tn — i) X 



in — I 






^=log(±^)t. 



a'^dx = 



a' 



log a 



J 



^""dx = £' 



cos^ d0 = sin ff 



sind d6 = — cos 



. {a) 



iP) 



W 



(^) 



W 



* Applying formula {a) to the definite integral 



[^x'^dx, 



we have 



I 



^«+,_^„ + x 



a n-\- 1 



which takes the form - when « = — i ; but, evaluating in the usual manner, 



^n+i_^«+i 






i?4-i 



r + ' log<^-a^ + Mog a 



>— I = log 3 — log a ; 



a result identical with that obtained by employing formula {b), 

f That sign is to be employed which makes the logarithm real. See Diff. Calc, 
Art. 43. 
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r. 



dd 



zo^O 



dS 



sin^S J 



= jsec*fl^6'=tan^ (/) 



= cosec^^ dd ^ — cot {g) 



sin edd 



ao^e 



=j 



sec^ tan 6dd = sec 9 



cos e do ( a ^a jn a 

. g^ = cosec V cot^ dO = — cosec 9 



sin" 9 J 



{h) 



ii) 



dx 



= sin"* X ■^*C = — cos"* X + C • . . (j) 



-77-2'^-5x =sin-*-+C=-cos"*-+C' . . . (y') 



dx 



5 = tan"* ;r + C — — cof* x ■\- C (k) 



:^^ = itan-*-+C=~-cot-*-+ C. . . . (/&') 



a; 



^7 



dJr 



^l/(:r2- I) 



— sec~*;r + C= — cosec"* ;r + C. . . (/) 



y_ g. = - sec"* — + C = cosec"* - + C . (/') 



X V{x^ — d^) a a 



a 



a 



dx 



V{2x - x^) 
dx 



= vers"* X. 



V(2ax - x^) 



= vers * — 



(m) 



(m') 
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Examples I. 

Find the values of the following integrals : 



I. 



2. 



6. 



7. 



8. 



10. 



dx 
dx 



,3 9 



X 



dx 



00 



dx 



Vxdx, 



{x — i)'^, 



{a — bocfdx^ 



(a + a:)Var, 



—a 



a9 



//JP 



jt; 



-2 



-X 



^ 



JV 



AT" 



2 — 



2Vjp. 



I 

" x' 

2 



1 



t^* 



3 



a 

ta ..8-1 -7- 



(X ^ — abx -+• 



3 Jo ~3^* 



Cfx + -^ + dLT* + - =4^5*. 

2 4J-« 



2 log a. 



log ( - ^) = log 2. 

-J— I 
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II 



11. — —ax. 

12. I e'^dXf 

13. sin^^^, 

^5- J^ cos' 0' 

[♦^ dx 
' • Jo V(a'-a^y 



17 



f dx 



,8 r__^L_ 



) 



2 i^^(a' + \ax + |Ji;*) 



4« 



«jtf 



= 23tt • «"• 



£^- I. 



I — COS ft 



. "1' 

\XiX = o. 



sm 



tan 6 






x^^ n 
tf Jo 6 



^~' • 
a 

n 

2 ' ' 



19. If a body is projected vertically upward, its velocity after /\inits 
of time is expressed by 

a denoting the initial velocity ; find the space St described in the time 
/i and the greatest height to which the body will rise. 



J, = j z; ^/ r= afi — igfi\ 



when z; = o , / 



a 



j = 



a 

27 



12 ELEMENTARY METHODS OF INTEGRATION. [Ex. I. 

20. If the velocity of a pendulum is expressed by 

nt 
v=^ a cos — , 

2T 

the position corresponding to / = o being taken as origin, find an ex- 
pression for its position s at the time /, and the extreme positive and 
negative values of s. 

2ra nt 

s = sm — , 

7t 2t 

J = ± when t=r, 37, 57, etc. 

21. Find the area included between the axis of x and a branch of 
the curve 

y = sin X, 2. 

22. Show that the area between the axis of at, the parabola 

and any ordinate is two thirds of the rectangle whose sides are the 
ordinate and the corresponding abscissa. 

2^, Find {a) the area included by the axes, the curve 

and the ordinate corresponding to ^ = i, and (/?) the whole area be^ 
tween the curve and axes on the left of the axis of ^. 

(«) e - I, (/J) 1. 
24. Find the area between the parabola of the «th degree, 

a* 

and the coordinates of the point («, a). 



« + I 



\^ 
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r r« M- n iit-i i ■ ■ r— t ■ 1 1— ■-■ ' • r-ii mi - ■ i» 1 tm-^imiii nii ii "laiiimiK 

25. Show that the area between the axis of a*, the rectangular 
hyperbola 

the ordinate corresponding to a: = i, and any other ordinate is 
equivalent to the Napierian logarithm of the abscissa of the latter 
ordinate. 

For this reason Napierian logarithms are often called hyperbolic 
logarithms, 

26. Find the whole area between the axes, the curve 

and the ordinate for x^^a^m and n being positive. 

\in> My 



na^ 
n — m^ 



ii n^ntj oo . 

27. If the ordinate J^J^ of any point B on the circle 

x'+f = a' 

be produced so that Bli • J?y = a', prove that the whole area between 
the locus of P and its as)nnptotes is double the area of the circle. 

28. Find the whole area between the axis of x and the curve 

y (a* + x') = a\ 

7Ca\ 

29. Find the area between the axis of x and one branch of the com* 
panion to the cycloid, the equations of which are 



X ^atj) ^ = a(i — cos tp). 



27tC^. 
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II. 

Direct Integration. 

II. In any one of the formulas of Art. lo, we may of course 

substitute for x and dx any function of x and its differential. 

For instance, if in formula {b) we put x — a \n place of ;r, we 

have 

dx 

= log (x — a) or log {a — x)y 



\ 



x — a 



according as x is greater or less than a. 

When a given integral is obviously the result of such a sub- 
stitution in one of the fundamental integrals, or can be made 
to take this form by the introduction of a constant factor, it is 

said to be directly integrable. Thus, sinmx dx is directly in- 

tegrable by formula (e) ; for, if in this formula we put mx for ^, 
we have 

sin w;ir • w dJr = — cos mx , 
hence 

fsin mx dx = — \€\vimx •mdx-=. cos mx. 
mi m 



So also in V{a + ix^ x dx , 

the quantity xdx becomes the differential of the binomial 
(a H- 6x^ when we introduce the constant factor 2^, hence this 
integral can be converted into the result obtained by putting 

(a + ix^) in place of jr in L^ xdx^ which is a case of formula (a). 

Thus 

{Via + b:^)xdx = —A{a + bx'f 2bx dx=zlj{a + b^f . 
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12. A simple algebraic or trigonometric transformation 
sometimes suffices to render an expression directly integrable, 
or to separate it into directly integrable parts. Thus, since 
— sin X dx is the differential of cos jr, we have by formula ifi) 

tan xax = \ = — log cos x • 

J J cos X ** 

So also, by formula (/), 

Jtan* Odd- j(sec» tf- i) //^ = tan tf - 5 ; 

by {e) and (a), 

isin^edd = [(I -cos'^ sin ddd^z -- cosO + ^cos^S; 

by (J) and (a), 

Rational Fractions. 

13. When the coefficient of dx in an integral is a fraction 
whose terms are rational functions of Xy the integral may gen- 
erally be separated into parts directly integrable. If the de- 
nominator is of the first degree, we proceed as in the following 
example. 

Given the integral f — '—-r — - dx ; 

by division, 

f!jIL£jl3 _ £ _ 3 ^ 11 _JL_ 
2;r+l 2 4 4 2ar+l' 

/ 
/ 

/ 

/ 
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hence 

'^ — ^ + ^ , If , ^ r , \^[ dx 



i 2X + I 2} 4} 4 J 



4J 4 J 2;r + I 

= — - ^ + ^ log (2;r + I). 
440 

When the denominator is of higher degree, it is evident that 
we may, by division, make the integration depend upon that of 
a fraction in which the degree of the numerator is lower than 
that of the denominator by at least a unit. We shall consider 
therefore fractions of this form only. 



Denominators of the Second Degree. 

14. If the denominator is of the second degree, it will (after 
removing a constant, if necessary) either be the square of an 
expression of the first degree, or else such a square increased 
or diminished by a constant. As an example of the first case, 

let us take 

X ■\- \ 



1 



dx. 



{X - If 

The fraction may be decomposed thus : 

X + I ;ir— IH-2 I 2 



(x^if {x-if ^ x--l^ (x-if 
hence )'. 

t X + I J [ dx . f dx 

= log (;r - I) - 



X— I 



15. The integral ( . f" "^ ^ ^^ 

i AT + 2X + 6 
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affords an example of the second case, for the denominator 
may be written in the form 

or* -f 2;r + 6 = (;r 4- l)^ + $. 
Decomposing the fraction as in the preceding article, 

^ + 3 ^ + I 



+ 



{x +1)^+5 (^ + 0' + 5 (^ + I)' + 5 * 






whence ^ . ^w/. 



L^-^3 .aX;^X)dx r dx '- (.^ 

Jjr« + 24r + 6 J(;r+i)^ + S Ji,^ 4- i)^ + 5 

The first of the integrals in the second member is directly 
integrable by formula (b\ since the differential of the denom- 
inator is 2 (;ir + i) dx^ and the second is a case of formula (^'). 
Therefore 

Sl^^^^^''^ = * ^°S v^ + 2. + 6) + -L. tan-^ . 

16. To illustrate the third case, let us take 

2X 4- I 



1 



'.dXy 



j^ — X — 6 

in which the denominator is equivalent to (x -— \f — 6J, and 
can therefore be resolved into real factors of the first degree. 
We can then decompose the fraction into fractions having these 
factors for denominators. Thus, in the present example, as- 
sume 

2;r + I A B , . 



;r^~;r— 6 ^—3 or + 2 

in which A and B are numerical quantities to be determined. 
Multiplying by {x - 3) (;r + 2), 

2x + I =:A{x + 2) + B{x —i) (2) 
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Since equation (2) is an algebraic identity, we may in it assign 
any value we choose to x. Putting jt = 3, we find 

7=5-4, whence ^ =if 

putting or = — 2, 

— 3 = — 5-ff, whence -ff = |. 

Substituting these values in (i), 

2>^ + I _ 7 , 3 
^-^-6 5(^-3) 5(^ + 2)' 

whence 

17. If the denominator, in a case of the kind last considered, 
is denoted by {x -- a){x — b)^ a and b are evidently the roots of 
the equation formed by putting this denominator equal to zero. 
The cases considered in Art. 14 and Art. 15 are respectively 
those in which the roots of this equation are equal, and those 
in which the roots are imaginary. When the roots are real and 
unequal, if the numerator does not contain Xy the integral can 
be reduced to the form 

f dx 

\{x^d){x^by 

and by the method given in the preceding article we find 

f (J^^rrj) = ^^ [i°g (^ - '^) - i°g (^ - ^)] 

iog§^, {A)* 



a — b ^ X — b' 



* The formulas of this series are collected together at the end of Chapter II. 
for convenience of reference. See Art. loi. 
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in which, when x < a, log {a — x) should be written in place of 
log (x — a). [See note on formula (*), Art. 10.] 
If ^ = — tfj this formula becomes 



1 



dx I , X — a , -,. 



j^ — a? 2a ^ X + a 

Integrals of the special forms given in (A) and (A^ may be 
evaluated by the direct application of these formulas. Thus, 
given the integral 

dx I 



1 



2JI^ + ^X — 2^ 



if we place the denominator equal to zero, we have the roots 
a = i, 6 = —2; whence by formula (A), 

f A _ 1 f ^^ « 1 i. w ^zi. 

}2x^ + 3;r-2 ^J(;r-i) (;ir + 2) "" 2 * 2^ ^;ir + 2' 

or, since log (2x — i) differs from log (x — i) only by a con- 
stant, we may write 



f 



dx — ^ 1 2;r — I 

2;i:^ + 3;r — 2 "" 5 ^ ;r + 2 * 



Denominators of Higher Degree. 

18. When the denominator is of a degree higher than the 
second, we may in like manner suppose it resolved into factors 
corresponding to the roots of the equation formed by placing it 
equal to zero. The fraction (of which we suppose the numerator 
to be lower in degree than the denominator) may now be decom- 
posed into partial fractions. If the roots are all real and un- 
equal, we assume these partial fractions as in Art. 16 ; there 
being one assumed fraction for each factor. 

If, however, a pair of imaginary roots occMrs, the factor cor- 
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responding to the pair is of the form (;r — a)^ + /5^ and the 
partial fraction must be assumed in the form 



Ax -\- B 



2» 



{X - of + p 

for we are only entitled to assume that the numerator of each 
partial fraction is lower in degree than its denominator (other- 
wise the given fraction which is the sum of the partial fractions 
would not have this property). 



19. For example, given 



1 



^ + 3 ^^. 



^^ + I) (-r - I) 
Assume 



;r + 3 Ax + B C , x 

~ +:;: — ;> ... (i; 



(x^+i){x—i) x^ -\- I X—l 
whence 

;ir + 3 = (;r - l) {Ax + 5) 4- {:^ + l) C. 
Putting 4r= I, 

4 = 2Cy whence C = 2 ; 

putting X = o, 

3 = — J? + C whence ^ = — i. 

To determine A^ any convenient third value may be given 
to X ; for example, if we put x = — i, we have 

2 = — 2(— ^ + ^) + 2C .-. A = -2. 

Substituting in (i), 

X + 7, _ 2 2;r + I 

{j^ •^\)(x-i) "" x^l a^ + i' ^ 



if'' ♦ 



/ / 
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therefore 



a-- 



= 2 log (jr — i) — log (;i^ + I) -- tan' ^ ;ir. 

20. If the denominator admits of factors which are func- 
tions of :)?^ and the numerator is also a function of ^^ we may 
with advantage first decompose into fractions having these 
factors for denominators. Thus, given 

Putting y for ^ in the fraction, we first find 

y _ I I 

f ^ c^~ 2{y -v c?)^ 2{y - a^y 

hence 

dx 



j;^«^-^];^_^3+ij 



X^-^C^' 



therefore [see equation {A'\ Art. 17], 



f ^dx I , X •— a I ^ *x 

-T i = — log + — tan-^~. 

Ixr — a*" ^ X -\- a 2a a 

This method may sometimes be employed when the nume- 
rator is not a function of ^ ; thus, since 

we have 



x/^-c^'' 2c?{:^ - C?) 2C^{X^ -h c?) 



2\> 



J 
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hence 



f xdx _ I . x^-a? 



2fl. The fraction corresponding to a pair of equal roots, that 
IS, to a factor in the denominator of the form (x — af^ is (see 
Art. 14) equivalent to a pair of fractions of the form 

A B 

X —a (x — df^ 

we may, therefore, at once assume the partial fractions in this 
form. We proceed in like manner when a higher power of a 
linear factor occurs. For example, given 



1: 



or + 2 , 

dx\ 



{x - ly {x + I) 

we assume 



X -\'2 A ^ B ^ C ^ D 

+ 7 Ino H 1 + 



(;r— l)®(jr + I) {x — if {x — if x — l x + l' 

whence 

X'^2=[A +B{x-i) + C{x^if]{x+ i) + D{x^if. . (i) 

Putting ;ir = I, we have 

i = 2A .-. A = i. 

The values of B and C may be determined as follows : if we 
substitute the value just determined for Ay equation (i), is 
identically satisfied by x = i, hence it may be divided by ;r — i. 
We thus obtain 

^^^[B + C{x'^i)]{x+i) + D{x^if . . (2) 
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in which we may again put or = i, whence -ff = — J. In like 
manner from (2), we obtain 

J = C(;ir+ l)+Z>(ar-l), 

from which C = J , and Z) = — J. Therefore 

f x-^'2 , _ 3 f rf^r i'( dx It dx I [ dx 

]{x-i)\x'\^i)^'^ 2](x-if 4J(;r-i)»'*"8j;r-i iix -^ I 



+ ^^^gJTl- ^ 



22. In this example, after obtaining the values of A and D 
from equation (i) by putting ;r = i, and ;r = — i, two tquations 
from which B and C might be obtained by elimination could 
have been derived by giving to x any two other values. Con- 
venient equations for determining B and C may also be obtained 
by putting jr = i in two equations successively derived by 
differentiation from the identical equation (i). In the first dif- 
ferentiation we may reject all terms containing (;r — i)' ; since 
these terms, and also those derived from them by the second 
differentiation, will vanish when jr = i. Thus, from equation 
(i), Art. 21, we obtain 

I = ^ + 2Bx + 2C (jT* — i) + terms containing {x — i)^ 

Putting ;r = I, and ^ = f , we have 5 = — J. Differentiating 
again and substituting the value of B, 

o = — ^ + 4O + terms containing (x — i), 
and, putting ;r = i in this last equation, C= | . 

23. When the method of differentiation is applied to a case 
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in which more than one multiple root occurs, it is best to pro- 
ceed with each root separately. Thus given, 



f___£+i___ , 



^ +_^^_^^ D 



(X - if (x^-2f~ (x-\f X-l ^ (X + 2)» X + 2 

whence 

x+i=[A+B(x-iy]{x+2f+[C+Dix+2)](x-if . . (i) 
Putting x= I, and jr = — 2, we derive 

9 9 

Differentiating (i), we have 

I =2A {x + 2) + B (x -h 2y -^ terms containing (^ — i), 

2 I 

whence, putting x == i, and -4 = -, we have B=^ . 

Again, differentiating (i), we have 

I = 2C {x — i) + D (x — ly + terms containing {x + 2), 

whence, putting x = — 2, and C = — , we have D = —-• 
"^ ° 9 27 

Therefore 

J(;tr - lf~(F+^)« "" 9 (;r - I) "^ 9 (;r + 2) "*" 2/ ^^;r- I * 
24. Instead of assuming the partial fractions with undeter- 
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mined numerators, it is sometimes possible to proceed more 
expeditiously as in the following examples: 
Given 

putting the numerator in the form i + -r* — j:*, we have 

Treating the last integral in like manner, 
f I , _ (dx tdx \ X dx 

J is^TT^) ''•^ - J ^ - J T + J FTP 

= -^- log^ + ilog(l + ;^) = -^+.log ^^'/ "^ . 
Again, given 

J;i^(i + xf^^^' 
putting the numerator in the form (i -^ xf — 2x — s?^ we have 

f ^V ^ dx = fe - f f^^,, ^^ 
J;ir^ (l +;r)^ J ;i;^ ]x{\ ■\- x^ 

*dx [ dx f dx 



_ f a;ir f ^jir f dx 

""J^""^J;ir(l + ;r)^J(l + ;r/' 



Hence by equation (^), Art. 17, 

dx 



[ dx _ _ I _ 2 1 
J;^(I +;ir)2"" x ^^ 



1 + X 1 + X 
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Examples IL 



II 



12 



COS* X sin X dx^ 

f cos ^0 
• J sin"0 ' 

sec* 3 :<; tan 3:*: ^, 



a — Ji: 



, f ^ 



^8 _ (^« - Jt*)* 



4. V(a' — ;c') ATiaer, 

f x^dx I, «• 

9-lsl 






dx cot2Jc r 

sin* 2^ ' 2 



I •— cos* X 



I 

2 


cosec' 


G. 


sec* 


3-^- 


I 




9 


• 
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13- 



14. 



IS 



i6. 



17. 



18. 



19. 



20. 



21. 



22. 



n- 



24. 



a^^dXj 



(f-*— lydXy 



rtltJC 



(i + 3sin'^)'sinxcosx<^, 



2a 



(dJ — ^) ^ 



.a\> 



y(2dW — X^) 



cos' d ^y 



sec^QdQj 



tan* xdXf 



'stc^xtanxdx. 



J ^ . ^ dx^ 
y a + X 



cot*©^, 



/^^ 



sin {a — 26) /ft, 



m log a 



(i -♦- 3sin*jc)' 
18 



]2a 
= o. 



2 

3 

tan e + — tan* e. 
3 



— tan'^ + log cos^. 
2 



isec*^1^=i. 
4 Jo 4 



a sin-* > + i^(a' - x'). 



I — log 2 



^ 



V(2a^ — jc*) + tf vers" * - . 



cos(flf — 2B) 
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25. 



26. 



27. 



28. 



29. 



30- 



31 



32. 



33- 



34. 



35- 



co^x dx 



a — ^ sin jc ' 



dx 



tanAT ' 



3 dx 



tan JIT* 



a i£r 



xx logo;' 



dx 



fi' 4- fi 



:t*i£r 



-jr> 



Jir* + I 



^^ 



4\ > 



♦^(a* - a:*) 



dx 



V(5 - 3^) ' 
dx 



2 + 5-^' 



^;rV(2^- i)' 



dx 

3(? '\' X '\- V 



— ^ log (^z — - ^ sin at). 



i log 2. 



i log 2. 



X 

log(- log:r)J^ = -log 



2. 



- 1. 



tan" 'e*. 



V3 



tan' 





I 
3 


tan " V, 




I 
2 


sin *-=-. 
a 


I 

i^3 


sin' 




I 
Vio 


tan" 


-1 •^vs 

It 

4 


2X + 


21' 


;r 



3V3' 
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^ r ^ -12 

30. — 77 iT, COS *f. 

W^ — a')— df sec"'-. 

a 

38. J^^i:^^* a* (log 2 ~ I). 

39- I — -^-^r^^y 4^-ilog(^ + i)-tan-'x 

[a^ +x + 1 , 2 ,2^—1 

4<>- J ^,^+x A ^ + log (^ - ^ + I) + —tan-— ^. 

f(l +:«:)• a: 



*^' J 2;t: + 3 ' :»:• - j; + 2 log (jj; + 3). 

f 2^ "4" "Z. T T 

45- J ^_^^ + ^ ^> ^ + log 



or— I 



46. r '^ 

Jo 



A^--2flwrcosa 4- a" 



tf sm 



I , .,Ar — dJcosan 7t — a 

; tan * ; = : . 

in a a sm or 2a sin a 

— iO 
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r dx^ I ■ X — a sec a — a tan a 

\^ — 2Aa:sec a + a*'" 2a tan a ^ x — a sec a + a tan a ' 

j2Jr — 4:*:— 7' 12 ^2:1; — 2 + 3V2 

49. Jt^t^, glog 



I 



I-^t*' 



I, y (* - 2)» 






■^ + 3 3 

X + 2 ^ + 3' 

f ^^ if 1 , V(^ + i)"l 

f ^'/Jtr I, x—i 4/2^ -1 * 

53- \~~r-, — i , T log h-^ — tan *— 7— . 

^"^ }x* + x^'-2' 6 ^ jc + I 3 4^2 

f;c* — a:+2, 2, ;c+ii, ^ — 2 

54- -1 ¥-, — ^9 -log — ; h-log . 

f //:r I . X + 1 I 

55- J^.„^. _^^. j» 4*^^^::^^ '2(a:-i)* 

56. ^-i dilr, log^ , ^ , tan *^. 

dx I, (^ + i)' . I . _,2^— i 

' — -i '- 7— tan * — ; . 

a:" — A? + I Vs V3 



f ax I , 

57- JtT^' 6^°8 



x^dx 



58. [7 TTTT xy -l0g(:r— l) l0g(x*+l) 7 V. 

^ ]{x - iy{x* -{- i)' 2 ^^ ^ 4 2(:r— i) 



(x> f-J ^U'^~ '^ 



c ^- 
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- -1 

r dx 

\ogx log(i + x) log(i 4- Jc') tan'^o:. 

.a 



^' + JC + I 



60. , ^ a ^ ^JP, -log 

^^- j J^ + /r6^;C ^'^> ^^^^^ + ^^°S (•* - 2) + ^log (X + 3). 

JA?* — ;c" — 12' y ^ X -h 2 7 V3 ' 

, f ;c'^ I , :«: -- I 



(:e'-i)*' 4"'**+ I 2(;c'-i)' 



J ^ — a 2<7 <7 4^ 



x— a 



a 4a ° X + a 



^ f xdx I, :r* 

^5- J^<_^._a. glogl? 



:r — 2 



^ + I 






'• J o («' + a") (;«:• + *') ' 2ad {a + 6)' 



tan-' J? H -|. 
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[ dx . X \ 

''• \x{^^xr ^^STT^ + n: 



72 



I + ^ I + jr 

f dx 2_\ ^ 

' ]x{a + bx^y 3a ^^a + ^o^' 

74. Find the whole area enclosed by both loops of the curve 

75. Find the area enclosed between the as)rmptote corresponding 
to X = a, and the curve 

^y + <iV = dj'y. 2a*. 

76. Find the whole area enclosed by the curve 

a'/ = x' {a' - J^). ia\ 

77. Find the area enclosed by the catenary 
the axes and any ordinate. 



^p--n- 



78. Find the whole area between the witch 

x/ = 40^ {2a -^ x) 
and its asymptote. See Ex, 23. 



i^fCa* 
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III. 



\ 

Trigonometric Integrals. 




2Si The transformation, tan*S = sec^ 5 — i, suffices to 
separate all integrals of the form 

jtan-edTe, (I) 

in which n is an integer, into directly integrable parts. Thus, 
for example, 

ftan» Bddz^ ftan» (sed* 5 - i) dT^ 

= !^.|tan»erfft 
Transforming the last integral in like manner, we have 

hence (see Art. 12) 

L Bzi-r/i tan*^ tan' 5 , ^ 

tan* ddO = log cos 6. 

When the value of « in (i) is even, the value of the final inte- 
gral will be B. When n is negative, the integral takes the form 



[cot* e dd, 



which may be treated in a similar manner. 



vf 



\ 



^ 
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26. Integrals of the form 

[sec«5^/^ (2) 

are readily evaluated when n is an even number^ thus 
f see* ddOzr, f(tan2 + i)^ sed* B d9 

= [tan* e strode + 2 [tan^ se(?dd0 + [sed* d dB 
tan** B 2 tan' B 



5 



+ tan 5. 



If ;« in expression (2) is odd, the method to be explained in 
Section VI is required. 

Integrals of the form I cosec^ BdB are treated in like manner. 



Cases in which sin** B cos* BdB is directly integrable. 

27. If « is 2^ positive odd number y an integral of the form 

[sin'* B cos" BdB (3) 

is directly integrable in terms of sin ft Thus, 

[sin^ B COS* BdBz=i jsin^ # (i - sin^ B)^zo^ BdB 

_ sin» B 2 sin'^ B sin*^ B 
"3 5 "^ 7 * 

This method is evidently applicable even when m is frac- 
tional or negative. Thus, putting^ for sin B^ 
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hence 

Jsinie -^ 3-^ 3 i^(sin^)' 

When «^ in expression (3) is a positive odd number, the in- 
tegral is evaluated in a similar manner. 

28. An integral of the form (3) is also directly integrable 
when m -{■ n is an even negative integer^ in other words, when it 
can be written in the form 



J cos"'+'^ 6 J 



in which q is positive. 
For example, 



{ad f 

Kxi^ 1-^= (tan ^^ sec*^^^ 

J sm* 6 COS* ^ J ^ ^ 

=|(tan (9)"t (tan» + i)sc(?dde; 
hence 

- tant d - 



b 



sini5coste~3"' '^ tan*^' 

It may be more convenient to express the integral in terms 
of cot 6 and cosec 8, thus 

— _ cot^g cot*g 
"■7 5 ' 
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Integrals of the forms treated in Art. 25 and Art. 26 are in- 
cluded in the general form (3), Art. 27. Except in the cases 
already considered, and in the special cases given below, the 
method of reduction given in Section VI is required in the 
evaluation of integrals of this form. 

The Integrals fsin^ Q de^ and f cos^ edd. 

29. These integrals are readily evaluated by means of the 
transformations 

sin* B^\{\ — cos 2fl), and cos* S = ^(i + cos 20). 
Thus 

[sxr^edB = \[de - jfcos 26 dd = ^0 - isin 20, 

or, since sin 20 = 2 sin B cos 0, 

[sin* ^/0 = J(0 - sin cos 0) (B) 

In like manner 

[cos* dr0 = i (0 + sin cos 0) (C) 

* Since sin* + cos* = i, the sum of these integrals is \dB\ ac- 
cordingly we find the sum of their values to be 0. 

In the applications of the Integral Calculus, these integrals 
frequently occur with the limits o and \n ; from {B) and (C) 
we derive 

IT W 

f' sin* 0^0 = f' co^ BdB^ \n. 



(y -^ ' /t 
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dQ { de , { de 



The Integrals \— — -, f-^ — -, and \ 

^ J sine cos 5 J sin d J 



cose 
30. We have 

Js-nre^^e=J-uire- = ^^e*^^^- • • • (^) 

Again, using the transformation, 

sin e = 2 sin 10 cos i^. 



we have 



t dd _f idd r se(?i0ide ^ 

J sine ""J sin i^cos je^J 



tan i0 ' 
hence 

Isre "^ ^^2 ^^" *^- • • • -^^ • (^) 




This integral may also be evaluated thus, Jjj • ..'^ 

f d0 _f single __f single 
Jsine~"J sin^e "~Ji— cos?e' 

Since sin ddff='- rf(cos ff), the value of the last integral is, by 
formula {A'), Art. 17, 

2i I — cose_, /I — cos ^ 
2 ^^ I + cos e "■ ^^r I + cose' 

and, multiplying both terms of the fraction by i -r cos 0, we 
have 

[ d0 , I — cos e , ^,v 
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31. Since cos d = sin (J;r + S), we derive from formula (£), 

By employing a process similar to that used in deriving for- 
mula (£'), we have also 

{ dd . I + sin^ ,c*,, 



Miscellaneous Trigonometric Integrals. 

32. A trigonometric integral may sometimes be reduced, 
by means of the formulas for trigonometric transformation, to 
one of the forms integrated in the preceding articles. For 
example, let us take the integral 



1 



dO 



a%\xiB -\- b cos 6* 



Putting a^kco%a^ ^ = >6sinar, • . . . (i) 

we have 

f dB I f dS 

J^sin B + ^cos^""^ Jsin(^ + ot) 
Hence by formula {E) 

f . ^f . . = ilogtani(e + «); 

J o: Sin 5 + b cos Ok 2 

or, since equations (i) give 

f JL . = ___L__logtani.r<? + tan-'i1. 

J«sin^ + *cosO V{(^+lf^ ^ 2\_ aA 
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33. The expression sin md sin nd dd may be integrated by 
means of the formula 

cos {m — n)9 " cos (/« + «) ^ = 2 sin md sin nd ; 
whence 

f . ^ . ^ -^ sin(«i-«)^ sin(;« + «)^ ,. ^ 

J lim — n) 2{m ■¥ n) ^ ' %/ 

In like manner, from 

cos {m--n) 6 ■\- cos {in ■\' n)d=.2 cos »^S cos «S, 

we derive 

f n n ja sm(m — n)0 ^ sin {m -{- n) ,. 

\cosm0cosndd0 = 7 f- H 7 ; — f— . . (2) 

J 2{m — n) 2{fn + n) ^ ^ 

When m = n, the first term of the second member of each 
of these equations takes an indeterminate form. Evaluating 
this term, we have 

f • 2 /3 ^/i ^ sin 2n0 , . 

\%\r?nBd6 — , (3) 

J 2 dpi 

J f 2 /I ^/i ^ sin 2nB , v 

and cos'' ndad = - H (4) 

J 2 4« 

Using the limits o and n we have, from (i) and (2), when m 
and n are unequal integer Sy 

€\Vi mB €\Vi nd dB — \ cos mB cos nBdB = o; . . (5) 

but, when m and n are equal integers^ we have from (3) and (4) 

^ sin^nBdB =^ co^nBdB-'^ (6) 

34. To integrate 4/(1 + cos 0) dBy we use the formula 

2cos^iS= I + cos^, 
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whence V(i + cosS) = ± 4/2 cos i^, 

in which the positive sign is to be taken, provided the value of 
B is between o and n. Supposing this to be the case, we have 

[1^(1 + cose)de= 4/2 [cos )ge do 

= 2 V2 sin ^9. 
For example, we have the definite integral 

IT 

r V{i + cos 0)dd — 2 V2 sin - = 2. 
Jo 4 






Integration of 7 -z . 

35i By means of the formulas 

I = cos*^^ + sin^i^ and cos 6 = cos^^S — sin^|^, 

we have 

d0 f dd 



}a + ^cosS J 



a + dcosd~ ]{a-{-b) cos^i^ + {a - 6) sinH^' 

Multiplying numerator and denominator by sec^ijS, this be- 

comes 

se(?iede 



I: 



a-^b+ia-d)tdLn^d' 

and, putting for abbreviation 

tan iff = 7, 
we have, since i sec?iffd8 = ^, 

f ^g ^ 2 f ^^ 



W 
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The form of this integral depends upon the relative values 
of a and b. Assuming a to be positive, if b^ which may be 
either positive or negative, is numerically less than «, we may 
put 

a -^ b 



a — b 



= ^. 



The integral may then be written in the form 

dy 



2 f dy 

a — b] ^ '\- j^* 



the value of which is, by formula (^'), 

2 y 

-. 7rtan-'=^. 

cya — b) c 

Hence, substituting their values for y and r, we have, in this 
case, 

J^ + ^ COS ^ y(£r — ^) \y a -^ b * J 

If, on the other hand, b is numerically greater than «, this 
expression for the integral involves imaginary quantities ; but 
putting 

the integral becomes 

dy 



2 f dy 



the value of which is, by formula (A!)y Art. 17, 

c(b-a) ^c-y 



42 
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Therefore, in this case, 



1 



dd 



iogi^g±^)±^;g=45^. .(C-) 



a-\-bco%e <^{fi- c?) ^ V(^+a)- t/ib-d) tan ^ (? 



36. If ^ < I, formula {G) of the preceding article gives 



l i+fcosg = TTTTT) *^""' [i/rT7 *^" 1 ^] • • (^) 



Putting 



|/i-^ . tan i^ = tan i (>, (2) 



and noticing that (J = o when ^ = o, we may write 



I 



de 



4> 



I +e cosd V{i —^y 



(3) 



Now, if in equation (i) we put ^ for and change the sign of 
e, we obtain 



It-- 



d(p 



^cos(J V(i — ^) 



tan 



-x[^L±it,„^^]. 



hence, by equation (2), 



I 



d<l> ' 



e 



\ — e cos^ V(i — ^) 



Equations (3) and (4) are equivalent to 



de 



d^ 



\-\-ecose V(i— /)' 



(4) 



(5) 



and 



di, 



de 



1 — e cos <6 V (i — ^) ' 



(6) 
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the product of which gives 

(i + ^ cos ^) (i — ^ cos (J) = I — ^ . . • . (7) 

By means of these relations any expression of the form 

dd 



l<T 



+ e cos dy ' 



where « is a positive integer, may be reduced to an integrable 
form. For 

. f dd f dd I . 

J(i + ^ cos ^)* "" J I + ^ cosS (i + ^ cos BY"^ ' 

hence, by equations (5) and (7), 

J^(H-/cos^)'' (i-^)''-*Jo 

\ By expanding (i — ^ cos (}>Y' % the last expression is reduced 
to a series of integrals involving powers of cos ^ ; these may 
be evaluated by the methods given in this section and Section 

' V^T, .111(1 \\\i\ JT^iiilti rTprnTCTTTn terms of 6 by means of equa- 
tion (2) or of equation (7). 



Examples II L 

f, , tan'^wc tdjitnx , 
tan mx ax. h x. 

2. rtan*jc^£r, A— ilog*- 

Jo 

3. Jsec* (0 + a) ^, ^ ^ + tan (0 + a). 
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— 4 

Jo 



5. sin'ecos*0//e, 

6. I |^(sin 0) cos* e dQy 

n 

7. r COS* sin* //0, 



sin' sin* 



f sin* dQ 



2,3. 4.2. , 2 . 11 

- sin«0 — - sin« H sm « 0. 

^ 7 n 



2 
35 

1 



(cos 0) ' I COS^ - 2 COS« 0. 

f do 

9- "^"TT r~ 9 Multiply by. sin* + cos' 0. tan — cot 0. 

J sm cos 

f sin X tan x 

10. — r— dXy See Art 28. . 

J cos X 4 

f dB 

"• ] sin'0cos-0 > * ^'^^' ' "" "^'' '^ -^ ' ^^« '^ '• 



f 4/(sin 0) //0 ^8 

12. 1 > ftan*0. 

J cos* 

f sin*^ dx 
'^' J cos'^ ' 



5 cos* AT 3 COS* a:* 



tan* jc tan'g? 



f sin'jp dx 
'^' J cos'^ ' 

15. J sin' cos' ^*, -^^jr [20 — sin 20 cos 20]. 
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n 

2m 



w 

1 6. sin' mx dx, 

•'o 

f sin' Q d^ 1 ^ r^ . 0"! • r. 

17- r— > • log tan - + - — sm 0. 

' J COS© ' L4 2j 

o fa cos' ^]® 1 /I \ 

3 

^9- l sinfltcosa > it '°« *"° [l + f ]• 

20. , tan ix^ 

J I + COS X 

I f^ I— cotix 

jir I _ cos a: 



21 



dx 

22. 



J I ± sin ^ 
Multiply both terms of the fraction fy i.T sin jf. tan x ± sec :ir. 

23- I — ;r-T— I — ^> log tan - + - ± log cos 0. 

^ JsecQ ± tanfi' '^ L4 2J ° 

24. cos cos 30 do. See Art. 33. J sin 40 + i sin 20. 

ir 
25. I cos COS 20 ^i&, 

ir IT 

. I sin' sin 20 /iS, i sin* = ^. 



26 

o 



IT 

27. {'' sin 30 sin 20^, 



2 

5 
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28. sin /nO cos n^ d% 

i O 



I —• COS {m •\- n)^ I — cos (»« — «) 
2 {m + n) . 2 (»« — «) 



29. cos jc cos 2X cos 3J1: //^, 

Reduce prodiuts to sums by means of equation (2), Art, ^^, 

I Fsin 6x . sin 4JC . sin 2x "I 

4L 6 4 2 J 

30. V (i — cos^r) dXy 2 4/2. 

'^ Jtf cos-^ + b sin'x d5^ L^ J 

{ dx I - tan jp 

32. — ; 5—, -;-tan"^— 7-. 

^ J I + cos ^ 4/24/2 

dx I a '\- b tan e 

«' cos^ ^ — ^* sin*^ ' 2ab ^^ « — ^ tan * 

(sin ^ //:v 1 c 1 i 

-77 ^ ; r-rT> <^0S"' J J COSJP}. 

4/ (3 cos' ^ + 4 sm' ;ip) ^* ' 



f sin re cos* X dx 
•• J I + «' cos' x ' 



— T — 5^' 



cos^ tan"^ {a cos ^) 



a a 
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^^'\-a 



dB 



+ ^ sin ' 
Fut sin = cos (0 — \n\ and use formulas (G) and {G'). 



XX 


U' V. 


''^ V (^' - «') 


*t*t 


h 


do 


37- 


+ 5 cos S ' 


38. 




^6 


J5 


+ 3 cos ' 






//6 


39- 


is- 


— 4 cos ' 


A ^H 




do 


40. 


. 2 


cos — l' 
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'a 

"0 *. 


^ 


41. 


; — cos ' 


A /« 


'3 


d^ 


42. 


J — cos ' 


A *% 


f 


do 



2 .r /a — d 20 — 7r"1 

I V (d -{- a) + V {d — a) tan {jo — i tv) 

^^ Vilf + a)" vl^-a) tan (J - i ^r)' 

2 + tan i 



ilog 



2 — tan i * 



i tan"*[J^tan io]. 



I tan-*{3 tan| 0}. 



I . 1 — 1^ 3 tan iO^ 
V3 ^^ I + Vst^i^' 



tan"* V2 



;r 



2 V3 



I 1 ^ + cos e sm 

QOS " 9 . 

(i — ^\t ' I + ecosB I — r I + ^cos0 

f^ d5 (2 + e^) n 

^- J,(i+.cos0)- 2(1-^)*- 
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45. y- -^7—, — dxy 



Solution : — 

By adding and subtracting an undetermined constant, the fraction 
may be written in the form 

/ cos X + qsinx -\' A (a cos ^ 4- ^ sin^) 

a cos ;ip + ^ sin jc ' 

we may now assume 

/ cos X -h qsinx + A {a cos x -{■ dsinx) = k{d cos ^ — ^ sin ^c) ; 

the expression is then readily integrated, and A and k so determined 
as to make the equation last written an identity. The result is 

J«cos;. + ^sin^^" ^M-^^""^ ^,_^^,log(^cos^H-^sm^j. 



46. — —7-7 , See £x, 4S. 



+ a ,g log (a COS jc + ^ sin x). 



a' + d' ' a' -h b' 

47. Find the area of the ellipse 

x-=^ a cos ^ ^ = ^ sin ^. 



— /^b sin' ^ ^^ = nab. 



48. Find the area of the cycloid 

^ = a (^ — sin ^) j; = a (i — cos^). 



a' (i — cos ^)' # = ZC^Tt. 

Jo 
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49. Find the area of the trochoid {b < a) 

X =z ai/^ — d sin t/p yz=. a — b cos ^. 

50. Find the area of the loop, and also the area between the curve 
and the asymptote, in the case of the strophoid whose polar equation is 

r = tf (sec ± tan e). 
Solution : — 
Using S as an auxiliary variable, we have 

^ = <^ (i ± sin 0) V = « tan ± , 

L cos 0j 

the upper sign corresponding to the infinite branch, and the lower to 
the loop. Hence, for the half areas we obtain 

+ a' [ sin /* + /i' [ sin* ^6 = df' i + - 
and —a* f sin ^ + a* f sin* ^ = ^* i . 



50 METHODS OF INTEGRATION. [Art. 37. 



CHAPTER II. 



Methods of Integration — Continued. 



IV. 
Integration by Change of Independent Variable. 

37. If X is the independent variable used in expressing an 
integral, and y is any function of Xy the integral may be ex- 
pressed in terms of j, by substituting for x and dx their values 
in terms of y and dy. By properly assuming the function j, 
the integral may frequently be made to take a directly integra- 
ble form. For example, the integral 



li 



xdx 



{ax + dy 
will obviously be simplified by assuming 

y = ax ■{■ b 

for the new independent variable. This assumption gives 

X ='^ , whence dx^—\ 

a a 

substituting, we have 



1 



xdx _\_ [ yy — o)dy 
{ax ■+df~d'] y 
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or replacing J by x in the result, 

[ X dx It/ tx . b 

38. Again, if in the integral 

f dx 

we put j^ = f, whence 

dv 
X = log^, and dx = — ^ 

we have 

f ^^ — f dy 
Je"- I "" Jyiy- I)" 

Hence, by formula (-^), Art. 17, 

j^^j = log-^^ = log (€•-!)- ^. 

It is easily seen that, by this change of independent variable, 
any integral in which the coefficient of dx is a rational func- 
tion of 6*, may be transformed into one in which the coefficient 
oi dy is 3. rational function of ^. 

Transformation of Trigonometric Forms. 

39. When in a trigonometric integral the coefficient of dQ is 
a rational function of tan By the integral will take a rational 
algebraic form if we put 

dx 
tan 5 = ;r, whence dd = — ; — 3- • 
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For example, by this transformation, we have 

de f dx 



J I -«- tan6' J(i 



tan^^' J(i +-i^)(i +^)' 
Decomposing the fraction in the latter integral, we have 

dd \[ dx I ( xdx , \[ dx 



J I + tan ^ ■" 2J I -{- :^ "~ 2 J i + ;r^ 2n 



+ x 



= i tan \^ - i log (i + or*) + i log(i + x) 






40. The method given in the preceding article may be em- 
ployed when the coefficient of d0 is a homogeneous rational func- 
tion of sin ^ and cos 6j of a degree indicated by an even integer ; 
for such a function is a rational function of tan 6, It may also 
be noticed that, when the coefficient of dO is any rational func- 
tion of sin 6 and cos ^, the integral becomes rational and alge- 
braic if we put 

B 



z = tan 

2' 

for this gives 

. /J 2^ ^ I — ^ ,^ 2dz 

This transformation has in fact been already employed in 

the integration of = . See Art. 35. 

^ ^ + * cos <9 ^^ 
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^ Limits of the Transformed Integral. 



<« 



41. When a definite integral is transformed by a change of 
independent variable, it is necessary to make a corresponding 
change in the limits. If, for example, in the integral 

r dx_ 

we put X ^=' a tan ^, whence dx ^ a sec*^ dOy 

we must at the same time replace the limits a and oo , which 
are values of x^ by \n and^^r, the corresponding values of B. 
Thus 



IT 






The Reciprocal of x taken as the New Independent 

Variable. 

42. In the case of fractional integrals, it is. sometimes use- 
ful to take the reciprocal of x as the new independent variable, 
For example, let the given integral be 



1 



dx 



% 



^(^+ I) 
Putting ^ = - , whence dx^ =? , 

y f 
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we have 

Transforming again by putting ^ = j+ i, the integral be- 
comes 



= -. 1. + 3^ - 3 log ^ - i 



Therefore, since z =y + i = - + i = , 

-^ X X 



f dx _ {x^ \f 3(-^+i) X ^lo^^ + r 

\ 

A Power of x taken as the New Independent Variable. 
43. The transformation of an integral by the assumption, 

y^^ (i) 

is not generally useful, since the substitution 

- I -- X 

X = J*, whence dx =. - f^ dy^ 

n 

will usually introduce radicals. Exceptional cases, however, 
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occur. For, since logarithmic differentiation of equation (i) 
gives 

^ = ^, (2) 

X ny 

it is evident that, if the expression to be integrated is the product 

dx , 

of — and a function of x^ , the transformed ex'^ression will be 

the product of — and the like function of y. 

ny , 

For example, the expression » 

{x^^\)dx 
x(x^+ I)' 

dx 
which is the product of — and a rational function of x^, becomes 

X 





4y(j'+ I) 



a rational function of y. Hence, decomposing the fraction in 
the latter expression, we have 

f (f^^i)^ = ? f _flll_ ^^ = i log Cr+iZ 



= log ^(^J- 



44. When this method is applied to an integral whose form 
at the same time suggests the employment of the reciprocal, 
as in Art. 42, we may at once assume y = x'\ Thus, given 
the integral 

dx 

1^(2 + x^' 



i 



/ 
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putting y = x^^, whence — = y 

we obtain 

dx I [^ y dy 



r dx _ I f° 



2y + I 



^ y iog(2y -^ 1) 1° ^ 2 - log 3 

6 12 J, 12 



46. The same mode of transforming may be employed to 

dx 
simplify the coefficient of — , when this coefficient is not a 

X 

rational function of x^. Thus, the integral 



1 



dx 



X V{^ - a^) 
will take the form of the fundamental integral (/'), if we put 

• « t dx 2 dy 

ar* = ir, whence — = — -^. 

Making the substitutions, we have 



f d^ _2f dv _ 2 -ij__2 -I fx\ I 



Examples IV. 
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r xdx 



r 2 + 



■h 



2 (i - xy ' 



C x^ — X -^ I 2J;+ I __ log {2X + i) 7 

^' J (20; +i)' '^•^' 8 2 8(2^+ i)- 

5- ItT^ ^-(logi + ^). 



f aU; I , 



6-*+ I 



^- J /IV^ ^^ e* + 2 log (€* - l). 



tan B ©--log (3 cos — sin B) 



3 — tan ' 2 



f ^$ I, 

^o- r~r;; f -log 

J tan — 1 4 



tan 0—1 



tan + 1 2 * 



f tan ^0 I , lan — • I , w 

II. \: — a , -log. :r-. — +-. 

Jtan' 0—1' 4 ^ 



tan — • 1 , 

— + — 

4 ° tan + 1 2 



, cos Bd& oB — ^ log (a cos — ^ sin o) 



cos — ^ sin ' a^ + d* 
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cos (a + 9) 

(© + a) cos a — sin a log cos (O + a). 

f sin (e + or) 
^^- Jsin(e + /^)^'' 

(0 + P) COS («—/?) + sin {a — • /?) log sin (fi + /?). 

tan (0 4- a) cos d% —cos 4- sin a log tan 

, f* COS0//0 , , \ . • 

^^- "' — ? — T~l > ^^s a log (2 cos or) 4- or sin or. 

Jo sin \0L + 0j 



» ir 



[3 COS j0 ^^ _i_ V2 + 2 sin ^6 _ log (34-2 4/2) 

Jo COS0 ' 4/2 ° 4/2 — 2 sin0'Jo 1/2 



18. [51^ 

J SI 



i0^0 



sin0 ' 



^9- J (g'+%" ilog(a'- 







i^i 


• 




log 


tan 


;r 4- 

• 

4 


•*•) 


+ ■ 

4 




A 


2(«' 


+ ^)* 


w= 


I + 


^) 


I 



2:^' 
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f dx ^ a. ^ 1 X ■\- \ 



V 



[ dx P X V^ ^^ ^ 

. J{i— •^)^»P 2(1—^)^ I — or ®i— or 



2 — log 3 
8 






«* 



A • 



f dx I 

'^' [t{^ - > * ^°S (^ - - log ^. 

fdx 2 /^\ * 




V. 

Integrals Contaimng Radicals. 

46. An integral containing a single radical, in which the 
expression under the radical sign is of the first degree, is 
rationalized^ that is, transformed into a rational integral, by 
taking the radical as the value of the new independent vari- 
able. Thus, given the integral 



I 



dx 

I + 1/(4; + i) ' 
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■■ ■^*»^^— ^^^^^M^^»^»^— —^11 — I. ■ ■■■■^» ■ ■ ■ — ^W^i— ■■■■■I . ^^^1^ I — M^— —— — ■■ I — ■— i*^ 

putting ;/= V(;ir+ l), 

whence ;r =y — i, and dx = 2;/ ^^, 

we have 

Jl+f'(;r+l) Jl+>' J-' Jl +^ 

t 

= 2^—2 log(l +^) 

= 2 V(^ + I) - 2log[l + ^(^ + l)]. 

47. The same method evidently applies whenever all the 
radicals which occur in the integral are powers of a single 
radical, in which the expression under the radical sign is linear. 
Thus, in the integral 



1 



dx 



the radicals are powers of (;tr — i)^ ; hence we put ^ = (;r — i)^^ 
and obtain 






= 6f(^-i)^;/ + 6r-^=-3+61og2 

Jo Jo y + I 



J + I 

48. An integral in which a binomial expression occurs 
under the radical sign can sometimes be reduced to the form 
considered above by the method of Art. 43. For example, 
since 



1 



dx 



;p(*» + l)i 
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fulfils the condition given in Art. 43, when « = 3, the quantity 
under the radical sign may be reduced to the first degree. 
Hence, in accordance with Art. 46, we may take the radical as 
the value of the new independent variable. Thus, putting 

^ = (;r«+i)*, 

whence ;r» = -8*-i, and -= fy\ , 

we have 



ix(x^+ i)i""3 J^-i' 



^x(x^+ i)i 

Decomposing the fraction in the latter integral as in Art. 20, 
we have finally 



ry = - tan M 0^ + i) + - log^^ -T — 



Radicals of the Form ^/{a:}^ + 3). 

49. It is evident that the method given in the preceding 
article is applicable to all integrals of the general form 

\x^'*''^^{ax^ -^ by^^dx, (I) 

in which m and n are positive or negative integers* These 
integrals are therefore rationalized by putting 

y = ^(a^ + b\ 
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Putting w = O, the form (i) includes the directly integrable 
case 



^{ajc'^b) 



« + * xdx. 



60. As an illustration let us take the integral 



f 



dx 



xV{x^ +a^)' 



putting y = V{'X^ + a?), 

whence *«=y-^, and -=-A, 

•^ X y ^ (T 

we have 



{ dx __ f <3^ 



Hence, by equation (-4') Art. 17, 



Rationalizing the denominator of the fraction in this result, 
we have 

Therefore 



§ v.] INTEGRALS CONTAINING RADICALS. 63 

In a similar manner we may prove that 



{ dx I, a — ^/ic^ — ^ fj. 



51. Integrals of the form 



{^'^(ajt^'hdy+^dx (2) 



are reducible to the form (i) Art. 49, by first putting _^ = -, 

X 

For example : 

r dx 



IS of the form (2) ; but, putting ;r = - , whence 



^ia^^l,^^!^^±m and dx = -%, 

y T 

we obtain 

dx [ y <iy 



f — ^^— =- f y 

The resulting expression is in this case directly integrable. 
Thus 

f ^-y - ^ _ ^ ('y\ 

iiax> + i)l~l>Via + bf) ~ b</(a:^ + b) ' ' ' ^■^' 
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Integration of 



52. If we assume a new variable z connected with x by the 
relation 

z-x^ ^{x^±(?), (i) 

we have, by squaring, 

^ — 2ZX = ± a^y (2) 

and, by differentiating this equation, 

2{z — x) dz — 22dx =zo\ 
whence 

dx dz 

Z — X z * 

or by equation (i), 



dx dz 



V{^ ±0")" z 



(3) 



Integrating equation (3), we obtain 

\-V(^^ = ^''S^ = ^°s^^ + ^(-'^^'^^^- • • (^) 

53- Since the value of x in terms of z, derived from equa- 
tion (2) of the preceding article, is rational, it is obvious that 
this transformation may be employed to rationalize any ex- 

dx 
pression which consists of the product of--^-^ — -^. and a 

rational function of x. For example, let us find the value of 



^V(^±a^dx, 
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which may be written in the form 



J(^'±^ ^(/-^^ - 



By equation (2) 



^^—w^r-^ (4) 



2Z 

whence 

'■±^=!i^- (5) 

Therefore, by equations (3) and (5), 

I f ^ . ^ [dz c^ [dz 
4} 2 J z 4 } jsfi 

^ — c^ c? . 

By equations (4) and (5), the first term of the last member 
is equal to \x^{p? ± a^). Hence 

J ^{^ ± a^)dx = ^^(^^^ ^') -fc ^log Ix + Vix" ± a')] . . (L) 



Transformation to Trigonometric Forms. . 
54. Integrals involving either of the radicals 
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can be transformed into rational trigonometric integrals. The 
transformation is effected in the first case by putting 

;tr = ^ sin 5, whence V'(^ — ;r*) = ^ cos d ; 
in the second case, by putting 

X ^a tan 5, whence V{c? + j^z=za sec 6 ; 
and in the third case, by putting 

X =za sec dy whence V{^ ^ c?)=ia tan 6. 

55. As an illustration, let us take the integral 



[v{c?-^dx\ 



putting ;ir = ^ sin ^, we have V{c?, ^ x^)=: a cos 0,dx = a cos d6 ; 
hence 



V(^ — ^)dx-=> c?\ cos* 6 



dd 



c?d o?sm6 cos 6 

= T+ -2 ' 



by formula {C) Art. 29. Replacing 5 by ;ir in the result. 

Regarding the radical as a positive quantity, the value 
of may be restricted to the primary value of the symbol 

sin - ' — (see Difif. Calc, Art. 54) ; that is, as x passes from — a 

to-{-a,d passes from — J ;r to •\- ^n. 
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Radicals of the Form V(^-^ -^ bx -^ c). y 

56. When a radical of the form ^(a^ + 6x + c) occurs in an 
integral, a simple change of independent variable will cause the 
radical to assume one of the forms considered in the preceding 
articles. Thus, if the coefficient of jh^ is positive, 

in which, if we put;irH =_r, the radical takes the form 

^ 2a '^ 

V{j^ + a^) or V{j^ — rt*), according as 4ac — 6^ is positive or 
negative. If a is negative, the radical can in like manner be 
reduced to the form ^{a? — ^ or V(— ^— y) ; but the latter will 
never occur, since it is imaginary for all values of y, and there- 
fore imaginary for all values of x. 

For example, by this transformation, the integral 



I 



dx 



{a^ ■\-6x-\- c)» 



can be reduced at once to the form (y). Art. 51. Thus 
r dx f dx 

2a 4ax 4- 2b 
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57. When the form of the integral suggests a further 
change of independent variable, we may at once assume the 
expression for the new variable in the required form. For 
example, given the integral 



*/(2ax -~ j^xdx; 



we have V(2ax — j^) == V[a? — (-^ — ^f] 

hence (see Art. 54), if we put ;ir — a: = ^2: sin ^, we have 

V{2ax —x^ = a cos ff, 
x=:a{i + sin ff), dx = a cos ff dd ; 



de 



\ I V{2ax — :^)xdx = c? [ cos^ 5(i + sin 6) 

= — (e+sinflcosS)- — cos»e 
2 3 

= — sm-* -\- -ix — a) V(2ax — ;r) — - (2ax — xry 

2 a 2^ ^ ^ 3 

= — sin - » + z- V{2ax — :k^) [2^ ^ ax — 3^]. 



The Integrals 
dx , t dx 




J A/rCor - aV^T^TH "'^"^ I 



^/\{x -a){x- /J)] J V[(^ - «)(/? - ^)] • 

ft 

f rfjf 

58. An integral of the form . ^ — ^^ r- may by the 

method of Art. 56, be reduced to the form {K\ Art. 52, or to 
the form {j'\ Art. 10, according as a is positive or negative. 
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But when the quantity under the radical sign can be resolved 
into linear factors, the formulas deduced below give the value 
of the integral in forms which are sometimes more convenient. 
If a and ^ are the roots of the equation 

ax^ + 6x + € = 0, 
the integral may be put in the form 

dx If dx 



r dx I ' f 



according as a is positive or negative. Assuming 

^{x ^ ol)^z^ whence ;r = ^ + a and dx = 2zdz^ 
we have 

by formula (K), Art. 52 ; hence 

In like manner we have 

f dx f dz __ . _^ JS 

J V[(:r-«)(/^ -;r)] " ^ J |/()^ - « - ^ ~ ^ ^''^ ^/^ - a) ' 

by formula (J') ; hence 

|-7r7 \r^ vi = ^sin-'i/ ^""^ . . . . (O) 

J 4/[(;»: - ar)(/? - x)] ^ fi-a 
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It can be shown that the values given in formulas (iV) and 
(P) dififer only by constants from the results derived by em- 
ploying the process given in Art. 56. 



\ 



I. 



2. 



/3. 



6. 



7. 



8. 



Examples V. 



^(a -^ xyxdx, (tf — x)^ (3^ + 2a). 



V(x + ayx'dx, - (tf + ^)« — — (« + x)\ + — (tf + x)\. 

/ «) 



- J?« — ^ + 2 yj? — 2 log (l + i/.T), 



2 

- (o: — 2tf) V(jc + tf ). 



y^_^ > 2 Vj? + 2 log (i - Vx). 



,«-!<.♦ 



I + V*' 


xdx 


Vix + a) ' 


dx 



—a 



(«^')''^. f-^]:=-^- 



— 77 r\ y — tan * i/ 

J? V(2ax — tf ) a '^ a 



i6a* 



9 7 S Jy« 31 

^^ , Jt , 3^* . 3'^* ,1 3 log (g^^ - , 

, > jc* i -r T X "• 



2;p* — ;p* 4 4 8 
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Jo 8 C L Trt Ar^' 



lo 40 



II 



• J^(l_^/-^> 2(l+^)V(l-.^). 



^*' 1^ _ w^s _ -«\ » Rationalize the denominator. 



3a' 



,. f ^-^ I , Vix' +0-1 

'^- Uvi^x* + I) ' ;1°« V(^* + i) + i- 



2 4 " V{X* + 1) + I • 



,g (i^l+lU^L^jl dx, 



4/(^' — a') — asec-'- 
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x^dx 



f x^dx 



20 



L~ J i/(jt;'^+ J) ^' ^^M^^^ (^) ^^ (^)- J 



^-xV{x' + .z*) - - ^'log [a: + ^{x' + «•)] . 



. I— ^— ^^ -tlx, a log ^ '- + ♦^(a' - x*). 



[ dx 



+ a')' 



Zm Z ZCv 



22. — ^— 5i ^a:ir, See Art $1. 



log 






23. J 






log[V(x' + d')+x}^ 



X X 



24. J ^, ^ ^» ■ &^ Formula {K). -\og[x* + i/(i + ^*)]. 
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25. t/ifu^ + l)dx, [« >o] Put V{ax* + i) = z —xVa. 



log [xVa + V(ax' +6)] +- xVia^ +1). 



2^a 






I j^ j; + <^{x* + ^ ') + a - 4/(a* + ^•) 



«S- I -i-77 ir> —cot 6 r =4^3. 



^' — 211 ■ 






30 



'•I(7T 



qx) Vix" + i) ' 



H 






,. ^a . — iT log tan - tan-' a: + tan"»~ 



V(x^ - i) . I 

■^^ 5 — - + — sec-* X. 

2X 2 



f* X* dx . xn U2 
32. a- log tan ^ , 
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33-f ;.V(^^-i) ' ^'"^""'^ 



V(^*-i) 



3^' 



34- 



^e I /a + Jg 

(a - a:) Wa' - «') ' ara-^:" 



, f" A^<fe r_ f" a?dx ~\ 
^ \.^fU-x\ L" Jo V(ax-^)\ 



(i.)'f,_(x + sin«).^ = i^' 



3 



xV{2ax-'x'y a^ X ' 



38. f 



^ o...^ . V(^*~i) 



/>«/ ^ = £: = sec 0. 



or* VC-^* ■" i) ' ' 2^:' 



-» • 



39. ^^{2ax — ;i;').(£r, 

40. I V(2a;tr — ^)'^^, 



<35V 



' j ^ cos's (i + sin e) dTe = a* - — - . 



a 

3 



41. 1 V(2«.^ — .^)-^ ^^, 



a* f ° ^ cos' e (i + sin 0)' ^ = a* R^ - -1 . 
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f dx 

^^' J V(2ax + x') ' 

fy Art, 56, log [^ + « + V{2ax + x")] + C; 
^ ^r/. 58, log [ Vx + V(2a + x)] + C". 



44-K;^^[=Iv(2^'^^)]' 



..^-»<^MFi 



a sin-' y(2flA; — ^). 



45. f v(7T^-0 ' ^ ^'■'- 5^. -- ' V ^ ^' 



^ ^r/. 58, 2 sin-' y —7 



- /^+i + c'. 



.6 f" ^ , 2 sin-V-T = ;r. 

f ^'<& . .. .y-i (Jr + 3) H3 + 2X-X') 

^7- j v(3+.;.-^T 3sm -^- 



48. |_ 






_•' 



«-j:v(P^- '°»<^^"'"- 
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50. Find the area included by the rectangular hyperbola 

y = 2ax + A-*, 

and the double ordinate of the point for which x = 2a, 

a*[6 V2 — log (3 + 2 V2)]. 



51. Find the area included between the cissoid 



x{x* + y ) = 2qy* 



and the coordinates of the point (a, a) ; also the whole area between 
the curve and its asymptote. 



(— TV — 2 ja', and 3?ra*. 



52. Find the area of the loop of the strophoid 



xix" +/) + aix" -/) = o ; 



also the area between the curve and its asymptote. 



2a* ( I j , and 2a* f I H — j . 



d -\- X 
For the loop put y=. ^ x .^ 3- , since x is negative between the limits 

— a and o. 
53. Show that the area of the segment of an ellipse between the 

X 

minor axis and any double ordinate is a^ sin-* — f- ocy. 
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VI. 

Integration by Parts. 
69. Let u and v be any two functions of x ; then since 

d{uv) ^=-udv -^rv duy 



uv 



= \udv •\- \vdu, 



whence 



\udv=uv^\vdu (i) 



By means of this formula, the integration of an expression 
of the form udv^ in which dv is the differential of a known 
function v, may be made to depend upon the integjration of 
the expression v du. For example, if 

« = cos~*ar and dv^dx^ 

we have 

, dx 
au= _ 3. ; 

hence, by equation (i), 

COS"' X'dx = ;r cos-'-r + —7 gr , 

J Wii-x^' 

in which the new integral is directly integrable ; therefore 

Qos-^x-dx =: X cos'^ X ^ 4/(1 — ^). 
The employment of this formula is called integration by parts. 
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[Art. 6a 



Geometrical Illustration. 

60. The formula for integration by parts may be geomet- 
rically illustrated as follows. Assum- 
ing rectangular axes, let the curve be 
constructed in which the abscissa and 
ordinate of each point are correspond- 
ing values of v and ti^ and let this 
curve cut one of the axes in B, From 
any point P of this curve draw PR 
and PSy perpendicular to the axes. 
Now the area PBOR is a value of the 

indefinite integral fwdTz/, and in like 

manner the area PBS is a value of \vdu\ 
and we have 




Area PBOR = Rectangle PSOR - Area PBS ; 



therefore 



\udv = uv — \v du. 



Applications. 

61. In general there will be more than one possible method 
of selecting the factors u and dv. The latter of course in- 
cludes the factor dx^ but it will generally be advisable to in- 
clude in it any other factors which permit the direct integra- 
tion of dv. After selecting the factors, it will be found con- 
venient at once to write the product u^v^ separating the factors 
by a period ; this will serve as a guide in forming the product 
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V duy which is to be written under the integral sign. Thus, let 
the given integral be 



Lr^log X dx. 

Taking :?dx as the value of dv^ since we can integrate this 
expression directly, we have 

\x^logxdx = log X' — x^ \x^ — 

X^ 

= -(3log^- I). 

62. The form of the new integral may be such that a 
second application of the formula is required before a directly 
integrable form is produced. For example, let the given 
integral be 

Ix^cosxdx. 

In this case we take cos xdx= dv; so that having :i^=^u, the 
new integral will contain a lower power of x : thus 

\j:^ cos X dx =^ x^'sin X ^ 2 \xsmxdx. 

Making a second application of the formula, we have 

\x^ cosxdx = ;ir^sin;ir— 2 ;»r(— cos x) + cos xdx 
^ x*sinx -{• 2x cos ;i: — 2 sin x. 
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63. The method of integration by parts is sometimes 
employed with advantage, even when the new integral is no 
simpler than the given one ; for, in the process of successive 
applications of the formula, the original integjral may be repro- 
duced, as in the following example : 

E^^ sin (nx + a) dx 

e,n^ — cos (nx + a) ^ m r^ , . x , 

= e*^ • ^^ ' H — e^ cos {nx + a) dx 

n n ] ^ ' 

= ^^ + - e*^ — ^^ ^ ^\^*^' sm {nx + a) dx. 

n n n tt ] \ / j 

in which the integral in the second member is identical with 
the given integral ; hence, transposing and dividing, 

f*** sin (nx + a)dx= » ^ [m sin {nx + a) — « cos (nx + or)]. 

64. In some cases it is necessary to employ some other 
mode of transformation, in connection with the method of 
parts. For example, given the integral 

Isec^edd; 
taking dv = sec* 6 ddy we have 

UQ(?ede^stcd'tdLne-[sQcet2Xi^edo. . . (i) 
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If now we apply the method of parts to the new integral, by 
putting 

sec tan d dd = dvy 



the original integral will indeed be reproduced in the second 
member ; but it will disappear from the equation, the result 
being an identity. If, however, in equation (i), we transform 
the final integral by means of the equation tan^ d = sec* ^ — i, 
we have 

fsec« ede^ sec ^ tan S - |sec» B dO a^ f sec Odd. 

Transposing, 

sin (9 f dB 



J cos^ u J 



COS* B J cos ' 



hence, by formula (i^), Art. 31, 



[sec» BdB = -^+ ilogtan ^^^4- -1 

J 2COS*^ 2 ^ 14 2 J 



Formulas of Reduction. 

65. It frequently happens that the new integral introduced 
by applying the method of parts differs from the given integral 
only in the values of certain constants. If these constants are 
expressed algebraically, the formula expressing the first trans- 
formation is adapted to the successive transformations of the 
new integrals introduced, and is called a formula of reduction. 
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For example, applying the method of parts to the integral 

Wn ^x ^^^ 

we have 

\:t:''€^dx=zX*''—'-^\x^'^€^dx, . . . . (i) 

in which the new integral is of the same form as the given 
one, the exponent of a: being decreased by unity. Equation 
(i) is therefore a formula of reduction for this function. Sup- 
posing n to be a positive integer, we shall finally arrive at the 

integral le"^^ dx, whose value is — . Thus, by successive appli- 
cation of equation (i) we have 

L- e-' ^^ = ^ [;r- - ^ ;r-. ... + (_ I)- «-i^:^iilllli] . 



Reduction of YinT 6 dd and [cos"^ d dG. 

66. To obtain a formula of reduction, it is sometimes neces- 
sary to make a further transformation of the equation obtained 
by the method of parts. Thus, for the integral 



[^m^^edB, 



the method of parts gives 



[ sin'^ ede^ sin'*- ' 6 (- cos S) + («^ - i)[sin«' -» B cos^ B dB. 
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Substituting in the latter integral i — sin' B for cos^ ^, 



V 



sin** ddO =i — sin**"* ^ cos S 



+ (»^ - I) [smr-'^edd ^{m- i) fsin*" #^5; 



transposing and dividing, we have 

fsin-erf<9=-?iBn^£^ + -^:LLfsin— (?^«9, . . . (l) 
J mm] ^ ' 

a formula of reduction in which the exponent of sin is dimin- 
ished two units. By successive application of this formula, we 
have, for example : 

Jsin^g^g==- ^^"'y^^^ |Jsin^g^g 

^^sin«gcosg^5sin>gcosg^5 3fi^,g^g 
6 64 64J 

_ sin' cos ^ _ 5 sin* cos ^ 5-3 sin cos ^ 5-3«i ^ 
"" 6 6-4 6-4-2 6-4-2 

67. By a process similar to that employed in deriving 
equation (i), or simply by putting ^ = J;r — ^ in that equa- 
tion, we find 

f .« /I -7/1 cos**-^ S sin ^ m — I { ^ « /, »/, / x 

cos'«drfS=: + cos'"-*^^/^, . . (2) 

J m mi ' \ / 

a formula of reduction, when m is positive. 



/ 
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68. It should be noticed that, when m is negative, equation 
(i) Art. 66 is not a formula of reduction, because the exponent 
in the new integral is in that case numerically greater than the 
exponent in the given integral. But, if we now regard the 
integral in the second member as the given one, the equation 
is readily converted into a formula of reduction. Thus, put- 
ting — n for the negative exponent w — 2, whence 

w r= — ;« + 2, 

transposing and dividing, equation (i) becomes 

[ dd ^ cos 6 n — 2 ( dd , . 

Jsm^ "" "" (« - i) sin"- d "^ tT^ Jsin''-»6?* • • • (3) 

Again, putting ^ = ^ ;r — S' in this equation, we obtain 

f dd _ sin e ;g~2 f d0 

Jcos''^""(« — i)cos''-'^ ;?— I Jcos"-^^ • • • • (4) 

Reduction of [sm'^d cos"" 9 do. 

69. If we put dv = sin'" 6 cos d dO^ we have 

cos" -^^ sin'" +^^ 



i 



sin*" ^cos" ddd=: 



m + I 



4--^ ^^- fsin'"+«^cos"-»(9rfe; . . . (i) 



but, if in the same integral we put dv = cos" 6 sin Odd^ we 

have 

sin"'"'^cos"'^' 



1 



sin'^ cos"* 6 dd = — 



n + I 



m L (sin"'-«l?cos"+«^^/(?. ... (2) 

«+ I J ^ 



§ VI.] REDUCTION OF TRIGONOMETRIC INTEGRALS, 8$ 

When m and n are both positive, equation (i) is not a 
formula of reduction, since in the new integral the exponent 
of sin B is increased, while that of cos 9 is diminished. We 
therefore substitute in this integral 

sin«+a e = sin** ^ (i — cos? 9), 
so that the last term of the equation becomes 

^"" ' fsin'^ e cos«-» edS-^ ILILL f sin'^ 6 cos- ddff. 

« 
Hence, by this transformation, the original integral is repro- 
duced, and equation (i) becomes 



fi + ^ ? 1 [ sin'- cos- etid = 



sin'-^^^cos-"' 
m + I 



+ — ?- [sin-* e co%^-'dde. 



Dividing by i H = , we have 



f sin'-"*'^^cos-"'S 

sin*- 6 cos- 6dd=. 

J m •{■ n 



+ ^ L fsin-'Scos--^^^//?, ... (3) 



a formula of reduction by which the exponent of cos is 
diminished two units. 
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By a similar process, from equation (2), or simply by put- 
ting ^ = ^ TT — ^' in equation (3), and interchanging m and «, 
we obtain 



1 



sin'^ e cos" edB--- 



sin'^-'gcos^+'g 
m •\- n 



+ ^ fsin'«-» e cos" (9^/(9, . . . (4^ 



\a formula by which the exponent of sin is diminished two / 

units. 1/ 

70. When n is positive and m negative, equation (i) of 
the preceding article is itself a formula of reduction, for both 
exponents are in that case numerically diminished. Putting 
— m in place of m, the equation becomes 

fCOS" yn_ __ cos"-' « — I fCOS"-" ,^ . . 

JsliV^ (;«-i)sin--6>"^^=Tj^h?^»'^- * ' ' ^5) 

Similarly, when m is positive and n negative, equation (2) gives 

f sin^'g ^^^ sin^-'g m— i f sin^'-^g ^^ '^ 

J33i^ («--i)cos"-'^ «-iJcos"-^^- • • • W 

71. When m and n are both negative, putting — nt and — » 
in place of m and «, equation (3) Art. 69 becomes 



f 



d0 



sin'" ^ cos" (m '\- n) sin*"- ' cos"+* 

d0 



+ 



w + « J si 



m-V n] sin** cos"+» ^ * 



in which the exponent of cos is numerically increased. We 
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may therefore regard the integral in the second member as the 
integral to be reduced. Thus, putting n in place of « + 2, we 
derive 



1 



d6 



sin'«Scos''S (// — i)sin«'-'6^cos«-'^ 

m -^r 71— 2 { dd 



m + n-- 2 f au ,. 

"^ » — I J sin^^Tcos*^ ^^^ 



Putting 8= j^Tt -- ff, and interchanging m and «, we have 
dO I 



1 



sin** ^ cos* 6 {m-~ i)sin'*"'6^cos'*~'^ 

m±n^^{ d0 

m- I Jsin'^-'^cos"^ ^ ^ 

72. The application of the formulas derived in the preced- 
ing articles to definite integrals will be given in the next sec- 
tion. When the value of the indefinite integral is required, it 
should first be ascertained whether the given integral belongs 
to one of the directly integrable cases mentioned in Arts. 27 
and 28. If it does not, the formulas of reduction must be 
used, and if m and n are integers, we shall finally arrive at a 
directly integrable form. 

As an illustration, let us take the integral 



f 



sin* d cos* de. 



Employing formula (4) Art. 69, by which the exponent of sin 6 
is diminished, we have 

f • 9 /» 1 zj _r/j sin S cos" 6 if 4 /, »/, 
sm* cos* Odd =^ ^ + ^ cof^ 0d9. 
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The last integral can be reduced by means of formula (2) Art, 
67, which, when ;« = 4, gives 



f 4/17/, cos* S sin ^ 3 f ^i^ jn 

cos^ddd = + - cos^ d dd : 

J 4 4 J 



therefore 



1 



. « /, A. n jr^ Sin 6 cos*^ 6 COS* 6 sm d sm ^ cos ^ , 6 

sm* ^ cos* Odd = ^ + H ^ + -p . 

6 24 16 10 

73. Again, let the given integral be 

cos^ d dd 






sm^e ' 



By equation (5), Art. 70, we have 



'cos^ Odd __ ^ cos^ ^ __ 5 f ^^^^ 
' sin* 6^2 s\v? 6 2 J sii 



Odd 



sin 8 



We cannot apply the same formula to the new integral, since 
the denominator m-'i vanishes ; but putting « = 4 and /« =; — i, 
in equation (3) Art. 69, we have 

co^Odd cos*^ (cos^ede 



t cos^Sda __ cos* f cos 
J sin ^ "" ^ J si 



Hence 



sin 6 



cos*^ { dd f . ^ ,„ 

+ \- — z- — sm ddd 

7, jsm 6 J 



cos*6> . ^ I ^ , ^ 

h log tan -d-h cos ^. 

3 ^2 



cos* ^ ^/^ cos* d 5 cos* ^ 5 1 ^ I o 5 n 

— T-tTn- = ^-TTJ — ^ — 2 log tan - S - - cos ft 

sin* d 2 sin* 6^ 6 2^22 
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_ Extension of the Formula. 



74. Let 

J ^ (x) dx = ^, {x\ 

\^,(x)dx^^,^{x\ 
etc., etc. ; 

then, if the functions i>^ {x), <!>,, (;r), ^„ (;r), which may be 

called the successive integrals of (j) {x), are known, and also the 
successive derivatives oi/{x), we shall have 

Continuing this process, and writing for shortness /, ^,, . . . for 
/(jr), ^^ (^) . . . we have 

The application of this formula is equivalent to the use of a 
formula of reduction. Thus the value of ^r* «** given in Art. 65, 
may be derived immediately from it. 
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Taylor s Theorem. 
75. If, in the formula of the preceding article, we put 
f{x) ^F' {xo+ A — x), and ^ (x) = i, 

Xo and A being constants, 
/' (x)=^F"{xo+A^ x), /" {x) = F'" {xo-hA- x), etc. ; 

and ^, (jr) = x, <«„ (jr) = — , ^^,, {x) = — — , etc. 

I'2 1*2*3 



Hence 



2 



+ + [p^+^ Ixo+A- x) ""^ dx. 



Now 



|/^' {^Xo-^- A — x) dx = — /^(4ro+ A — x)\ 



hence, applying the limits o and A, we have 
F{x^^A)=F{x;)^ F'(xo)A + F"{Xo)^^^ 



+ \^F''^'{xo-vA-x)-^^-^. 
Jo I-2-' n 



This formula is Taylor's Theorem, with the remainder expressed 
in the form of a definite integral. 
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I 

o 



Jo 



3 

o 



sin d^y 



5 

o 



IT 



6. B cos PiS dQy 

Jo 

7. Urtan-'A?^, 



Examples VL 



. sin-^^<j&p, orsin-^a: + V(i — a:") =- — 



I. 



I. sec"^^^, X sec-*:*? — log [x + ^{p^ — i)]. 



7t log 2 





4 2 


0^+' 


Irt/T 'V* ■— 


« + I 


'°S^ n + I 



_^ I^ 

2M M 



I + ^ X 

tan"* X . 

2 2 



8. I x^e^dxy x^a' — 2^:^' + 2e-«^ - 2. 

Jo 

9. upsec"*^^, J[^*sec"*:»;— 4/(^ — i)]. 



10. r 6 sin - + L*, —0 cos (- + o) + sin ( -4- ©] T = ^^. 
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II 



12 



. Lc sec' :»? ^3&p^ X tan x + log cos x. 

. Lctan'^r^ = \x (sec*^— \) dx , jetan;r+logcos^ — o^. 



13. 3? sin X dxy 2x sin jc + 2 cos x — x' cos x. 



14. xsin-^xdx. -Ar'sin"*:^ 1 sin'0^ = 7r. 

Jo 2 Jo 2 J, 8 

15. f^tan-:.^, ^tar^x^^ log{z+^) ^ 
^ J 366 

16. ^sin-^^^, - a:* sin-^jc H 4/(1 —• •^) \ =7- • 

Jo 3 9 Jo <5 9 

f" . f"-' (sin ^ — cos ^)"1** I 
f COS^V^Jf, =2* 

18. le^^'^^cosxdx, cos/3€*^^sm{/3 +x). 

19. e-* sin' :»;/jl[r = - ^""^ (i — cos 2jc) d^jc , 



— (cos 2:p — 2 sin 2x — 5). 
10 



w V 

20. \ e^ sin e dK), — (sin — cos 0) T = - . 

Jo 2 ^ Jo 2 
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21 



f . ^' * 

. f-^ sin X cos xdx. — (sin 2^—2 cos 2x\ 

J 10 



f • 4 ^ jy, •" sin' mO cos wO , 36 ^ sin mQ cos m^ 

,,. |„„^o^, _ + ^_J _ . 

23. Derive a formula of reduction for (log a:)* ^'^ ^j;, and deduce 
from it the value of (log a;)' at* ^. 

(log ^)« x^dx= (log ^)« —— - - — — - (log :r)«-^ ^ ^. 
J /w+i/w-f-ij 

f/, M • T /I M-^* /I \«-^-* 2Jr*l0g^ 2:p' 

j(iog^)"^'^ = (log^)' J - (log^r- + — ^ - — . 

24. U; cos" a: ^jja;, J Jt" sin :»; cos ^ — J sin* a: + J ;r^. 

. {^ X ^ ^"sec-^;r x^ix^-^i) log [;»:+ i^(:i:" — i)] 

25. XT sec- ^ j; ^:r, ^-^-^ ^ ^-^ ~ — . 

Ji 3 6 6 

26. Derive a formula of reduction for Lr«sin {x + a) dXy and de- 
duce from it the value of j^ cos x. 

Lj;" sin (^ + «) ^ = — JP* sin x ■{■ a ^^ — l 

+ n Ur«-^ sin A- + a + — L^. 



\x^ cos X dx^ {x^ — 200^ 4- i2o:r) sin x + (5^^* — doof + 120) cos :r. 



94 
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2 



f a -. • 4 , si 

7. COS 0sm 0^, — 



sm cos © sin Cos , i r^ • ^ ^i 
_^ + __[0 — sinOcos0j. 

6 24 10 



28. ^ cos* sin* d^y 



IT 

i- Nin* ^V^' = — . 

32 Jo «>I2 



29 



. pcos*0^, sin0cos'0 ^ 3sin0cos0 ^ ^IT^ 8 4- 3^^ 

Jo 40 oJo 32 



30. ^ COS* ^, 



If 

sin cos (8 cos* 0+10 cos' + 15) + 150 "17 __ 9 4^3 + 1 o^ 

48 J, " ^6 



31 



f cos V 

J Sin' ' 

f sin* ^ 
J cos 

fsin* . 
J cos 



— ^Qs*0 __ 3 cos _ 3 log tan \^ 
2 sin^ 2 2 



sin0 



4 cos* 8 cos"* 8 



sm I . 

Q log tan 



[f^n- 



sin 



5 sm 5 r . T 

FT- — 7- + - [0 — sm cos 0] . 



3 cos 3 cos 2 



f7cos*0 . 

^4. -: d% 

^^ Jirsm«0 ' 



IT IT 

COS* 0"|r fl . . 48 — i57r 

r— - -5 COS*0^fO=^?^ ^— . 

sm0 Jw •^Jir 32 



35 



IT 



^ 



cos 0) 



9' 



I [4 __^ 

2 J^ COS* 0' 



2 

3 



36. f-^ 

•^ J SI 



^ 



sin COS* ^* 



1 1,0 

r- H + logtan - . 

3 cos cos ° 2 
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^^^^^— ^M^^^— ^^W^P^^^^^^M »■ 111.! .1 P^^^^MM. 1^ .■■■■■■ ■■ ■ ■ ■■■! ^M^i^^^^^^M^— ^^^a^^^^i^^^^^^M^^^^^^i^M^— ^i^^^^^— ^— ^ 

^f ^ I 3 COS 0,3,^0 

37- -= — ;r~=~T— :> — ^TT ; — Q . » ^ + ~ log tan - . 

J sm sm 20 ' 4 sm cos 8 sm 8^2 

38. Prove that when n is odd 

f dB sec«-'0 , sec**-»0 . . , . . 

H~;; ^r; = ^ + + log tan ; 

J sin cos* 0« — i« — 3 ° 

and when n is even 

f do sec«-'0 . sec*-»0 . , 

\-r--z r^ = H h + log tan- . 

J sin cos 0«— I « — 3 2 

39- \~^^ri 17, ^nn; r; + hsec + log tan - . 

"^^ J sin cos ' 2 sin cos 2 L 3 2 J 

f x^ dx 

40. — 77-Ji \ • -P^i X = sec 0. 

J i^(-^ — i) 

Jjt; 4/(a:» - i) + J log [^ + V(^ - i)]. 

41. I {a^ - ^•)* ^^y, ^^ ^-g^ ■ + 8 ^"^"" " • 

42. / > . ^v, , — r I cos* ^ = 3 — 

Jo(« +-^) « Jo 32^ 

43. J (^ + ^ ) l/(^' - ^) ^^, ^ sm-' - + ^^^^ ^-^ ''. 

r Jfc dx X 

f .y* </jc ;>?(■*'— i) tan-'-y 

"^^^ J(.*^ + i)" 8(0^ + 1)' 8 • 
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, f cos'' — sin'O J. r f . , . ^ . cos — sine ."] 

46- / ♦ ^ . 7vi ^ = (i 4- Sin cos 0) T-T— T— -Ti d?i9 , 

^ J (sin0 + COS0) L J (si^ ^ + cosO) J 



sm cos 
sin0 + COS0 



47. Derive a formula for the reduction of x sec* :r ^ ; and refer- 
ring to Ex. II, thence show that this is an integrable form when n is 
an even integer. Give the result when « = 4. 



I 



^ . X sec" -= X tan x sec" -« x 

X sec" X dx^ — 



« — I («— i)(«— 2) 



n — 2 f 

H L^sec"-^^^. 

« — I J 



^ sec* a; tan x sec* ^ 2 



I 4 , -^ sec a; tan x sec ^ 2 r . , t 

X sec a: ^ = h - 1*^ tan x + log cos xy 

J 3 6 3 '- 

48. Derive a formula of reduction for Lr cos" ^ ^/:ip, and deduce 
from it the value of x cos' x dx, 

f , .rcos^'^.r sin^ cos"je «— i f 

XXCOS^ Xdxzzz 1 r, 1 \X COS"'"' X dx. 

J n n n ] 

f 3 , ^sin^. 8 . \ . cos:*;, J ,. 

Lr cos xdx :=z (cos* x + 2) ^ (cos»*^ + 6). 

J 3 9 

49. Find the area between the curve 



^= seCA:; 



§ VI.] EXAMPLES, 97 

the axis of x^ and the ordinate corresponding to x = 2. 

— - log [2 + V3] = 0.77744, 

50. Find the area between the axis of a*, the curve 

y = tan-^ x^ 

and the ordinate corresponding to ;»r = i. ^— = 0.43S82. 



VII. 



f Definite Integrals. 

\ 

76. Before proceeding to transformations of definite inte- 
grals involving the values of the limits, it is necessary to 
resume the consideration of the relatipns between a definite 
integral and its limits, as defined in the first section. 

By definition, the symbol 



f 



"/ W dx 

a 



denotes the quantity generated at the rate 

while X passes from the initial value a to the final value X. 
The rate of x is arbitrary, and may be assumed constant ; but 
in that case its sign must be the same as that of the increment 
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received by x ; that is, the sign of dx is the same as that of 

These considerations often serve to determine the sign of 
an integral. Thus 

sin xdx 



r sm X 

Jo X 



sin X 
denotes a positive quantity, because dx is positive, and 

is positive for all values of x between o and n. 

77. Now let F {pc) denote a value of pe indefinite integral, 
so that ^ V 

d{F{x)\:=^f\^dx: 

thus/'(;ir) is the derivative of F{x). Then, supposing F (x) to 
vary continuously as x passes from a, to X; that is, to have no 
infinite or imaginary values for values of x between a and X^ 
the integral is the actual increment received by F {x), while x 
passes from a to X. In this case, therefore 

\''/{x)dx = F{X)-F{a) (I). 

If, on the other hand, there is any value, a, between a and X, 
such that 

F{a)=z CO, 

equation (i) does not hold true. For example, 

'dx I 



[dx __ I 
]x^ "" X 



and in the case of the definite integral 

dx 



r ax 
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X passes through the value zero, for jvhich F (x) is infinite ; we 
cannot therefore write 

This result indeed is obviously false, since dx is here positive, 
and ^ is never negative for real values of x. The value of the 
integral is in fact infinite, since. the increments received by 

, while x passes from — i to o, and while x passes from o 

to I, arel!>Q^h ufffiH^tea g ^ ^ ' p e rit f^e. 

78i Since ra€ derivative of a ftntction becomes infriTrtewhen 
the function becomes infinite [Diff. Calc, Art. 104 
Ed., Art. 89], we can have /^ (rr) = 00 only when 
but it is to be noticed that F{x) does not necessarily become '^'* 
infinite when f{x) becomes infinite. Thus, in 



; Abridged ) 
/(a) = 00; A- jo 



1: 



xk 



f{x):=zx-\ which becomes infinite for ;tr = o, a value of x 
between the limits ; but since 



{x'idx = ixi 



the indefinite integral F{x) does not become infinite. There- 
fore equation (i) holds true, and 

dx ^ „1^ 



r ^^3 n« ^9. 



79. We have, in the preceding articles, assumed that the 
independent variable varies uniformly in passing from the 
lower to the upper limit ; but when a change of independent 
variable is made, the new variable does not generally vary 
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w -• — 

uniformly between its limits. It is, however, obvious, that, in 
equation (i), Art. *j*jy x may vary in any manner whatever in 
passing from a to X^ provided that F{x) remains throughout 
a continuous one^valued function; x may even pass through 
infinity, provided F {x) is finite and one-valued when ;tr = 00 . 



Multiple-Valued Integrals. 

80. When the indefinite integral is a multiple-valued func- 
tion, a particular value of this function must of course be 
employed, and it is necessary to take care that this value varies 
continuously while x passes from the lower to the upper limit. 
In the fundamental formula (/) it is sufficient (provided the 
radical ^/(\ —^) does not change sign), to limit the meaning of 
the symbols sin-';ir and cos~';r to the primary values of these 
symbols (see Diff. Calc, Arts. 54 and 55), since these values 
are so taken as to vary continuously while x passes through 
all its possible values from — I to + i. 

81. In the case of formula {k) the primary value of tan-^ x 
is so defined that, as x passes from — 00 to + 00 , the primary 
value varies continuously from — ^tt to + J?r. We may there- 
fore employ the primary value at both WxmtSy^nless ^x, passes 
through infinity^ as in the following example. Given the inte- 
gral 

5ir «;jr 

f'T de __ rt sec? Odd 

J, cos'^ 6> + 9 sin^ (9 "" J^ I + Qtan^^' 

if we put tan = Xy this becomes 

But here it is to be noticed, that, as passes from o to |;r, x 
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passes through infinity when B = \n. Hence, if the value of 
tan- '3^ is taken as o at the lower limit, it is to be regarded as 
increasing and passing through \n^ when ;r = oo , so that its 
value at the upper limit is |7r, and not — \n. Hence 



sir 

dB 2n 



7 / 



Jo cos^ 



6/ + 9sin2^ 



82. When the symbol cot-* x is employed, the primary 
value, defined in the same manner as in the case of tan* 'a-, 
cannot be taken at both limits when x passes through zero. 
Thus, using the second form of (^), Art. lo, we have 

in which, if cot-' i is taken as^^J^zr, cot-'(— i) must be taken 
as f TT. Thus 



J 



-^ dx I 

— : — 9 = ^« 

I I + ;r 2 



Formulas of Reduction for Definite Integrals. 

83. The limits of a definite integral are very often such as 
to simplify materially the formula of reduction appropriate to 
it. For example, to reduce 



I 



x^ € -''dx. 



we have by the method of parts 



\x^B-*dx^ — x^e-^ + n \€"^x'"'^dx. 
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Now, supposing n positive, the quantity ;»:*£-•* vanishes when 
;r = o, and also when ;ir = 00 [See Diff. Calc, Art. 107 ; Abridged 
Ed., Art. 91]. Hence, applying the limits O and 00 , 



Jo jo 



By successive application of this formula we have, when n is 
an integer, 



• CO 



Jx^B"^ dx = n{n — i) 2 • i. 
o 



84. From equation (i) Art. 66, supposing m> i, we have 



IT IT 

\"sin'^ed0 = ^^^—^\'sm»'-^dd0. 

Jo M Jo 

If m is an integer, we shall, by successive application of this 

IT » 

formula, finally arrive at l cie--ox V sm0de = 1, according 
as m is even or odd. Hence 

if m is even, sm'^ ffdff = ^ 7—^^ — ;-^ , . . (P) 



and if m is odd, p sin- 6 dd = (^" i)(^ - 3) "■ '^ . . . (^0 

Jo m(m-2) I ' -^ 
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85. From equations (3) and (4) Art. 69, we derive 

P sin« e COS" Bde^ ILzJL f" sin** cos^-^edff, 
Jo m + n Jo ' 

and f' sin*^ 6 cos- edd = t^LzJ. f" sin*"-' ^ cos* dd. 
Jo m + n Jo 



By successive application of these formulas, we shall have for 
the final integral one of the four forms 



[de, ['sin Odd, ^ cos Odd, or [ sin d cos dd. 

Jo Jo Jo I . Jo 

f 1 * — \ 

(Mm „_ T 4M ^— ¥ \ 
or ) is in each 
m + n m + n/ 

case either 2 or i. In the first case, the value of the final inte- 
gral is i TTy and the final denominator is 2 : in the second and 
third cases, the value of the final integral is i, and the final 
denominator is 3 : in the fourth case, the value of the final 
integral is J, and the final denominator is 4. Therefore (since 
the factors in the denominator proceed by intervals of 2), it is 
readily seen that we may write 



IT 

f 

Jo 



•Jt • 



Sin- e cos- Ode ^ (>«-i)(^-3)--(«-i)(«-3)-- ^^ . (g) 

{m + n){m + « — 2) ^ ' 



provided that each series of factors is carried to 2 or i, and a is 
taken equal to unity ^ except when m and n are both even^ in which 
case a:=-\'rt. 



104 METHODS OF INTEGRATION. [Art. 86. 



Elementary Theorems Relating to Definite Integrals. 

86. The following propositions are obvious consequences of 
equation (ij, Art. yT, 



^f(x)dx=-^f{x)dx (I) 



(f{x)dx=\f{x)dx^(f{x)dx. . . (2) 

J a J a J c 



Again, if we put x = a -\- i — ZyWe have 



f f(x)dx = - ^ f{a + b-z)d2 = [ /{a '\- b - z)dz 



by (i), or since it is indifferent whether we write ^ or ;ir for the 
variable in a definite integral, 



\f{x)dx= \ f{a + b''x)dx .... (3) 

i a J a 



li a = z, we have the particular case 



.5 fb 



I /{x)dx={ /{b-x)dx .... (4) 



§ VIL] DEFINITE INTEGRALS. 105 

87. As an application of formula (4), we have . 



fl- ir 



I' Qos^edd = [' cos"'(J ^e)de = |' sin"* ede . . . . (i) 



" cos'" ^ ^/^ as well as that of ^ si: 

Jo Jo 



Hence the value of \ cos'" 6 dO as well as that of V sin"* Odd 



is given by formulas {P) and {P')^ The values of these integrals 
are readily found when the limits are any multiples of ^ tt. 
For, by equation (2) of the preceding article, we may sum the 

values in the several quadrants. But, putting 6 = k — h 6\ and 

employing equation (i), we have 



sm^ede=^±\ ^ Qos^ede= ±\ sin^ede, ... (2) 

in which the sign to be used is determined by that of sin'" 
or cos'" in the given quadrant. 

In like manner the value of the integral in formula (Q) is 
numerically the same in every quadrant, and its sign is the 
same as that of sin'" cos" in the given quadrant. 



Change of Independent Variable in a Definite Integral. 

.88. It is often useful to make such a change of independ- 
ent variable as will leave unchanged, or simply interchange, 
the values of the limits. As an illustration, let us take the 
definite integral 



Jo I 



'^^^ dx. 



-hx -h^ 
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If we put x^—y whence log ;ir = — log j, and dx ^ =^» 

y y 



logy 



\ 



whence we infer that 



Jo I 



log^ 



+ X ^ ^ 

89. Again, let 



dx:=z O. 



«=f: 



^ + ji^ 



Putting ;ir = — , we have 



^^p_lo^_^^_^^^j^g^|-_^_^. 



hence 

log -^ ^ _ ^ log ^ 



rjic 



rf;r = 



/ 

/ 

Differentiation of an Integral. 

whose derivative, with reference to ;r, is /(^). Thus, putting 

/ 

r 

dU \, . 
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107 



This gives the derivative of an integral with reference to its 
upper limit. By reversing the limits we have, in like manner, 



dU 



da 



,-=-/(*). 



/ 



when the lower limit is regarded as variable. 
91. Now writing the integral in the form 



\ 



U 



= udx^ 



(0 



if ^ is a function of some other quantity, a, independent of x 
and a^ U is also a function of ^, and therefore admits of a de- 
rivative with reference to a. From (i) we have 



whence 



dU 

dx ' 



d dU __ dA 
" dot 



da dx 



By the principle of differentiatio/ti with respect to independent 
variables [See Diff. Calc, Art. ioi ; Abridged Ed., Art. 200]. 



Therefore 



and by integration 



±dU/£ dU 
dx da da dx 



fd_dU _du^ 
y dx da . da ' 



dU _ [duy ^ 
da "~ ]da 



(2) 
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Now, in equation (i), f/is a function of x and a which, when 
;r = ^^, is equal to zero, independently of the value of a. In 
other words, it is a constant with reference to a, when x ^=.a\ 

therefore -^-~ = o when x — a. /If, then, we use ^^ as a lower 
da 

limit in equation (2), we shall liave C = o. Therefore 



dU/ f du 

a 

/ 



j/ \ du , , . 



Substituting for x zx/f value b independent of a, we have 



which expresses that^»^/;^/^^r^/ may be differentiated with 
reference to a quantity of which the limits are independent, by 
differentiating the expression under the integral sign, 

92. By means of this theorem, we may derive from an inte- 
gral whose value is known, the values of certain other inte- 
grals. Thus, from the first fundamental integral, 



1 



^^^=^,^ (0 




we derive, by differentiating withr reference to «, 

Y^Xo^xdx^ ^ 7 ^^^^^ ^ , 

the result being the same as that which is obtained by the 
method of parts. 

93. The principal application of this method, however, is 
to definite integrals, when the limits are such as materially to 
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simplify the value of the original integral. Thus, equation (i) 
of the preceding article gives 



^\ 



Jo 7 n-\- l' 
whence, by successive^flerentiation. 



\ x"^ (log x^ dx = 



1-2 



(« + 1) 



8 



[\^ (log xYdx=(- ly ^]^""''^ . 



Integration under the Integral Sign. 

94. Let « be a function of x and a, an^ let a and a^ be con- 
stants ; then the integral 



U 



=l..[L«*]f <■> 



is a function of x and a, which Vcinishes when a = a^, inde- 
pendently of the valua^of Xy andywhen x =. a^ independently of 
the value of a. From (i). 



^ 



dU [ . ^ d dU 

-~-= \ u dx, whence -r- tt- = « 5 

da J a dx da 

therefore -7- -r- = «, whence -y- = \u da + C. 

dadx dx J 
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Now -7- must vanish when a = a^ since this supposition makes 

Z7 independent of x\ therefore, if we/dse a^for a lower limit 
in the last equation, we must have/c = o ; therefore 



uda^ 



and since u vanishes >rtien>-^ a, 



^=L [!««''''] ''^^ ^'^ 



Comparing the values of i/in equations (i) and (2), we have 



\ udxda=:^ \ udadx. 



It is evident that we may also write 



Jair6 cb roLx 

udxda= \ uda dx^ . . . . (3) 



provided that the limits of each integration are independent 
of the other variable. 

95. By means of this formula, a new integral may be de- 
rived from the value of a given integral, provided we can inte- 
grate, with reference to the other variable, both the expres- 
sions under the integral sign and also the value of the inte- 
gral. Thus, from 



1 



x^dx = 



« + i' 
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\ 



i 



by multiplying by dn, and integrajjing between the limits r 
and Sj we derive 



whence 




96. When the/Qerivative of a proposed integral with refer- 
ence to a is a/Known integral, we can sometimes derive its 
value by integrating the latter with reference to a. Thus, let 



In this case 



du 
da 



= — f-«//;r = = — 1; 

Jo « Jo « 



hence, integrating, « = — log or + C = log — . . • . (2) 
since in (i) « vanishes when a= 0. 

The Definite Integral Regarded as the Limiting Value 

of a Sum. 

97. Let A denote the greatest, and B the least value as- | 

sumed by/(;r), while x varies from a to b. Then it is evident \ 

that i 

tf(x)dx< ^Adx\ (I) I 

J a J a I 

for, while x passes from a to 6, the rate of the former integral 
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I ■ ■ I J. _MI__ -L ■■JM»— » M^ III I U ■ ■ - - 

IS generally less, and never greater than the rate of the latter. 
In like manner 

t f{x)dx>^ Bdx (2) 

i a J a 



The values of the integrals in the second members of equations 
(i) and (2) are A (b — a) and B{b—d) respectively. There- 
fore, if we assume 

tf{x)dx = M{p-a), (3) 

i a 



we shall have A > M> B. 



The quantity M in equation (3) is called the mean valtie of the 
function /(;ir) for the interval between a and b, 
98. Let 

b^ a^ n t^x\ (4) 

then the n -V \ values of x^ 



a, a + AX, a -\- 2 ax, • • • • 6, 

define n equal intervals into which the whole interval ^ — ^ is 
separated. Let ^1, ^2> • • • -r„ be ;^ values of x, one com- 
prised in each of these intervals; also let ^^/{xr) Ax denote 
the sum of the n terms formed by giving to r the n values 
I • 2 - • • • « in the typical term/(;ir^) ax] that is, let 

^a/i^r) AX=f{x^) AX +/{X2) AX''" + /{Xn)AX. . . (S) 
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We shall now show that when n is indefinitely increased the 

limiting value of ^^/(^r) A;r is f{x) dx. 

99. If we separate the integral into parts corresponding to 
the terms above mentioned ; thus. 



eb fa + AJr fa + zAjr 

\f{x)dx=\ f{x)dx^\ f{x)dx 



• • • 



+ f /{x) dx, 



and let Mu M^^ • • • • Mn denote the mean values of f {x) 

in the several intervals, we have, in accordance with equation 
(3), Art. 97, 



r 

J a 



b 

/{x)dx = MiAx -hM^ AX" " + Mn AX (6) 



Now, since /(xr) and Afr are both intermediate in value 
between the greatest and the least values of y"(:r) in the inter- 
val to which they belong, their diflference is less than the dif- 
ference between these values of /(;r). Therefore, if we put 

/ (Xr) = Mr ^ i^r, (?) 

er is a quantity whose limit is zero when «, the number of 
intervals, is indefinitely increased, and a^ in consequence 
diminished indefinitely. 

Comparing the terms in equations (5) and (6) we have, by 
means of equation (7), 

^/(^) AX = J^/W dx -h {e.^e^ + e„) Ax. ... (8) 
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1_M_| J m ■■ ■ - - ■ _ ■-_ ^ _ . ^^J_1J_1__1J^^ ■ BM^ -I , 

Denote by e the arithmetical mean of the n quantities ^1, 
. ^2> • ' • • ^» I that is, let 



«^ = ^1 4- ^2 + ^8 ' ■ • • ^» ; (9) 

then, since e is an intermediate value between the greatest and 
the least value of e^ it is also a quantity whose limit is zero 
when n is indefinitely increased. By equations (9) and (4), 
equation (8) becomes 

whence it follows that f(x) dx is the limit of ^af i^r) dx 

J a 

when n is indefinitely increased, since the limit of e is zero. 

100. It was shown in the Differential Calculus, Art. 390 
[Abridged Ed., Art. 193], that, in an expression for the ratio 
of finite differences, we may pass to the limit which the ex- 
pression approaches, when the differences are diminished with- 
out limit, by substituting the symbol d for the symbol A. 
The theorem proved in the preceding articles shows that, in 
like manner, in the summation of an expression involving 
finite differences, we may pass to the limit approached when 
the differences are indefinitely diminished, by changing the 

symbols 2 and A into and d. 

The term integraly and the use of the long j, the initial of 
the word sum, as the sign of integration, have their origin in 
this connection between the processes of integration and sum- 
mation. 
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T 

Additional Formulas of Integration. 

101. The formulas recapitulated below are useful in evalu- 
ating other integrals. {A) and {A'^ are demonstrated in 
Art. 17; {E) and (C) in Art. 29; {D) and {E) in Art. 30; 
(F) in Art. 31 ; {G) and ((?') in Art. 35 ; {H) and (/) in Art. $0; 
(J) in Art. 51 ; {K) in Art. 52 ; (Z) in Art. 53 ; {M) in Art. 55 ; 
{N) and {O) in Art. $8 ; (P) and (^0 in Art. 84 ; and (0 in 
Art. 85. 

ll^ = i^^sj^^ (^P 

fsin»(9^^ = l(^-sin(9cos(9) {B) 

[cos»(?^(? = i(^+ sin^cos^ (C*) 

f » f^ ^ = logtang (D) 

J sm ^ cos ^ ^ ^ 

f ^i9 , ^ fa- ^"1 , I +sm^ .„. 

|^^- = ^°Stan[-+-J = log-^^- (F) 

f— ^— ^=-— #-5,tan-'r/i::i^tanJ^l {G) 
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f dB _ I , ^ ^{ b\-a) 4- *i/(b — a) tan | 6 .^ 

la+bcosd" VfJf'-aY^^ V\o-^a)-V{d-a)taiVi^e' ' '^^ 

{ dx I , V{x^ -h a^)—a .„. 

r dx I , a^i/(a?^jt^) .r\ 

\ :,Vi^-^) =a^''^ -^ • <^^ 

f ^-^ ^ £ (y) 



# 



fv(;t^±^i')^4: = ^^^^4^-^ ± - Iog[;r + V(;t^±a»)]. . {L) 



^ . x xV(a^ — x^) 



U^ (rf* — ;r) ^^r = — sin - ' - + {M) 



IT TT 



Jo Jo ' mim — 2) 2 2 ^ ' 



■s • 
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Jo Jo m{m-2) I ^ ^ 



V 



F sin- cos- d0 = (^-iX^-3)--x(;.-i)(«-3 )^ ^g) 



in which or = i, unless w and n are both even, when a = — . 

2 



Examples VII. 



I 



i 9 [^ > ^> and n an integer] ■ , ., jjx 



F2fiir± 

•■■I 



2, 



2 4- cosQ' V3 



ir 

3 



IT 



4. sin* d\jy 

5. , cos' 0^0, 



5^ 
32 

16 

16 

.35' 



6. I sin* e cos* e //0, 51a 
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7. sin* cos* e d% 



'''• Jo V(i-^')* 



II 



. r^v-^')*^» 






r X* dx 

'^' lia^ + x^r 



[ __x_d^_ 

^^' Jo'F+^' 



15. Prove that 



35 



sin*" ^0 . 



8. sin** COST ^0, — I si 

Jo 2'«Jo 



f' jy'^/a^ i'3'5 * • • (2n — i) n 

Jo ^(\ — 0^y 2'4»6 • • • • 2« 2 * 



2»4'6* • • • 2^1 



y(i-«')' 3-5-7- • • (2«+i)' 






3^ 
i6a* 



15^ 



Ji:*^ ;r 



32«' 



f ■ 



r 



^. ~ -X 



Jo o 



and derive a formula of reduction for this integral, supposing « > o 
and m> I, 

x^-^ (a'-x)^^'^dx ^ x^ {w-xy^-'^dx. 

o tl }o 
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16. Deduce from the result of Ex. 15 the value of the integral 
when m is an integer. 

Jo n\n-\ri) • • •(«+/«— i; 

17. r(«4-a:)*(<3f-Ar)*^. i'^^.fi^c. 16. ^-^a*. 
I -a 4504s 



8. rsin' (cos e)* <i&. Put sin' =- ji:, and see Ex, 16. 



2» 



5-7-II-I9 
19. Show by a change of independent variable that 

X dx { a dx 



r x" dx _ r a^ dx 

Jo K+^T ""Jo (^•^+^r ' 



, , ^ f ^ ^ I f ^ ;r 

and therefore , , . ,x, = — -,— — 5 = — 

Jo (<3f' + ory 2 Jo <3f + .T^ 4a 

f°° Ar log^ dx 
'''• Jo (^' + «T ' 



2(Z" 



r tan"*^. ^ 



6V3- 



r 1* ^^ ^' 



23. Derive a series of integrals by successive differentiation of the 
definite integral \ ^""^ dx. ' 



\. 



I»2» • • fl 

x^ €-^ ax = — -— — 
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24. Derive from the result of Art. 63 the definite integrals 

f" . , n ^ f ' ' m 

Jo tn -h « ' Jo m -\-n 

and thence deri . e by differentiation the integrals 

f°° 2'nin , f T ^ — ^ 

xh- '^^sm nxdx — t-t t7a > and Jirf - ^•'^ cos nx dx^ , , , ,v, ' 

Jo (/w -r « J Jo (tn +r ) 

• 

25. From the results of Ex. 24 derive 

Jo (W 4- «) 



1 



00 



a: £- '^■*^ cos «a:a;v = — , a . a\s • 



[m' + «")' 



26. From the fundamental formula {k!) derive 



i: 



/2^ TT 



o « + /^^' 2a*yd* ' 



and thence derive a series of formulas by differentiation with refer- 
ence to a. 



\ 



* dx TT 1.3- • • (2;/ — 3) I 



n-\' 



o{a-\-fix'y 2«yd^ 1-2... («—i) a 

27. Derive a series of integrals by differentiating with reference to 
/8, the integral used in Ex. 26. 



1: 
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28. From the integral employed in examples 26 and 27, derive 
the value of . ^f,., . 

Differentiate twice with reference to /?, and once with reference to or. 

f * x^ d x __ i*3'i ^ 



29. Derive an integral by differentiation, from the result of Ex. II., 67, 



r dx^ 7r(2a-^b) 



30. Derive an integral by integrating — 

}o a 



dx 7t 



+ x^ 2a 



fTtan-'^-tan-'f1^=^log^. 
Jo L ^ xjx 2 ^ g 



31. Derive a definite integral by integrating 



f* n 

e-*»x sin nxdx = -»— ; — ; 
Jo m + n 



with reference to n. 



(cos ax •— cos dx) dx = — log — ^ -« . 

o Jp 2 ° /« + a 



32. Derive a definite integral from the integral employed in Ex. 31 
by integration with reference to m. 
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■ ■ M^^i— — — ^ ■ I ^1 ■ I ^^^— ■ ■ I ■ » I ^ ■ ■ ■ I I ^ . ■ I ■■ ■■■ ■ ■■» ■ »■ ■■ ii^a » m 

33. Derive an integral by integrating with respect to m 



J 00 
e- *«* cos nx dx=i —7-- — 1 . 
o tn ■\- tf 

r6-«^- e-3x I ^* + «• 

COS nxax^=^— log -»—; ; . 

Jo X 2 ^ a + n 



34. Derive an integral by integrating with respect to n the integral 
used in the preceding example. 



(sin ax — sin bx) dx = tan"* -\—, — r • 

Jo ^ m + ad 



35. Show by means of the result of Ex. 32 that 



^00 * 

Jo X 



smnx , Tt 
dx =^ — . 
2 



36. Derive an integral by integration from the result of Ex. II., 67. 

f-^ ftan-^ - tan- -^1-^^ - ^ W^^^-±^ 

r X* 4. a* 

37. Evaluate log -^——^dx by the method of Art. 96. 

Jo X -i- o 

7c{a — b). 

38. Evaluate log i + — a logxdx. na (log^ '^ i). 
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CHAPTER III. 

Geometrical Applications. 

VIII. 

Plane Areas. 

102. The first step in making an application of the Inte- 
gral Calculus is to express the required magnitude in the form 
of an integral. In the geometrical applications, the magni- 
tude is regarded as generated while some selected independ- 
ent variable undergoes a given change of value. The inde- 
pendent variable is usually a straight line or an angle, varying 
between known limits ; the required magnitude is either a 
line regarded as generated by the motion of a point, an area 
generated by the motion of a line, or a solid generated by the 
motion of an area. A plane area may be generated by the 
motion of a straight line, generally of variable length, the 
method selected depending upon the mode in which the 
boundaries of the area are defined. 



An Area Generated by a Variable Line having a Fixed 

Direction. 

103. The differential of the area generated by the ordinate 
of a curve, whose equation is given in rectangular coordinates, 
has been derived in Art. 3. The same method may be em- 
ployed in the case of any area generated by a straight line 
whose direction is invariable. 
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Let AB be the generating line, and let R be its intersection 

with a fixed line CD^ to which it is always 
perpendicular. Suppose R to move uni- 
formly along CDy and let RS be the space 
described by R in the interval of time, dt. 
Then the value of the differential of the 
area, at the instant when the generating line 
passes the position AB^ is the area which 
would be generated in the time dt, if the 
rate of the area were constant. This rate 
would evidently become constant if the generating line were 
made constant in length ; and therefore the differential is the 
rectangle, represented in the figure, whose base and altitude 
are AB and RS ; that is, it is the product of the generating line, 
and the differential of its motion in a direction perpendicular to 
its length, 

104. In the algebraic expression of this principle, the inde- 
pendent variable is the distance of R from some fixed origin 
upon CD, and the length of AB is to be expressed in terms 
of this independent variable. 

When the curve or curves defining the length of AB are 
^r^^Xi in rectangular coordinates, CD is generally one of the 
axes; thus, if the generating line is the ordinate of a curve, 
the differential is y dx, as shown in Art. 3. It is often, how- 
ever, convenient to regard the area as generated by some 
other line. 

For example, given the curve known as the witch, whose 
equation is 

y^x — 2ay^ + j\a^x = (i) 

This curve passes through the origin, is symmetrical to the 
axis of X, and has the line x = 2a for an asymptote, since 
X = 2a makes j = ± 00 . 

Let the area between the curve and its asymptote be re- 
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quired. We may regard this area as generated by the line 
PQ parallel to the axis of x^ y being taken 
as the independent variable. Now 



PQ = 2a —Xy 
hence the required area is 



A =\ (2a — x)dy . . . . (2) _£ 

J -so 



From the equation (i) of the curve, we 
have 



y + 4^ ' 



whence 



2a — x = 



S^ 



y H- 4^' 




Fig. 4. 



and equation (2) becomes 



A=s^r 



dy 



J-oo/H-4^' 



100 



2a i> 



Oblique Coordinates, 



105. When the coordinate axes are oblique, if a denotes 
the angle between them, and the ordinate is the generating 
line, the differential of its motion in a direction perpendicular 
to its length is evidently sin a-dx ; therefore, the expression 
for the area is 



-^ = sin « M' dx. 




Fig. 5. 
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As an illustration let the area between a parabola and a chord 
passing through the focus be required. It is shown in treatises 
on conic sections, the expression for a focal chord is 



-^5 = 4/zcosec^ar, . . . (i) 

where a is the inclination of the chord 
to the axis of the curve, and a is the 
distance from the focus to the vertex. 
It is also shown that the equation of 
the curve referred to the diameter 
which bisects the chord, and the tan- 
gent at its extremity which is parallel to the chord is 

y = 4^^ cosec* a-x (2) 

The required area may be generated by the double ordi- 
nate in this equation ; and since from (i) the final value of 
^ is ± 2^ cosec^ a, equation (2) gives for the final value of x 

OR = a cosec* a. 
Hence we have 

ta cosec^a 

-4 = 2 sin Of y dxy 

J o 

or by equation (2) 

r«cosec>a 8^2 cosed* « 

A = 4Va \ ^x ax = . 

Jo 3 

Employment of an Auxiliary Variable. 
106. We have hitherto assumed that, in the expression 



-ydx. 
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X is taken as the independent variable, so that dx may be 
assumed constant ; and it is usual to take the limits in such a 
manner that dx is positive. The resulting value of A will 
then have the sign of y^ and will change sign if y changes 
sign. 

It is frequently desirable, however, as in the illustration 
given below, to express both y and dx in terms of some other 
variable. When this is done, it is to be noticed that it is not 
necessary that dx should retain the same sign throughout the 
entire integral. The limits may often be so taken that the ex- 
tremityof the generating ordinate must pass completely around 
a closed curve, and in that case it is easily seen that the com- 
plete integral, which represents the algebraic sum of the areas 
generated positively and negatively, will be the whole area of 
the closed curve. 

107. As an illustration, let the whole area of the closed 
curve 

f 



©'^(i)=- 



represented in Fig. 6, be required. If in this equation we put 



(J)' = s.n^, 



we shall have 



i 



whence x-=.a^\x? ^^ and ^ = ^cos*^. • . (i) 

Therefore \y dx^ lab cos* tj} sin' ^ dip. 
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Now if in this integral we use the limits o and 27C, the point 

determined by equation (i) de- 
scribes the whole curve in the 
direction A BCD A. Hence we 
have for the whole area 

A = lab cos* ^ sin^ ^ dt\)^ 
and by formula (0 

= 9/7^4-^— 27r==^-7r— . 




3^* 



6-4-2 



8 



The areas in this case are all generated with the positive 
sign, since when 7 is negative dx is also negative. Had the 
generating point moved about the curve in the opposite direc- 
tion, the result would have been negative. 



Area generated by a Rotating Line or Radius Vector. 

108. The radius vector of a curve given in polar coordinates is 
a variable line rotating about a fixed extremity. The angular 

rate is denoted by -r. and may be re- 
garded as constant, although the rate at 
which area is generated by the radius 
vector OP, Fig. 7, is not constant, be- 
cause the length of OP is not constant. 
The differential of this area is the 
area which would be generated in the q 
time dt, if the rate of the area were con- ^^^- 7- 

stant ; that is to say, if the radius vector were of constant 
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length. It is therefore the circular sector OPR of which the 
radius is r and the angle at the centre is dO. 



Since 



arc PR = r dd, 



sector OPR^^r^dd: 

2 ' 



therefore the expression for the generated area is 



=ii 



T^dd 



109- As an illustration, let us 
find the area of the right-hand loop 
of the lemniscata 

7^=1 C? COS 20. 



Fig. 8. 



(0 




The limits to be employed are those values of 6 which 

make r = o ; that is '- and — . 

4 4 

Hence the area of the loop is 



.2 /.- 



C^ . 



A = -f^ COS 20 dd = ^sin 2^1'" = -. 



110. When the radii vectores, r^ and r^ corresponding to the 
same value of 6 in two curves, have the same sign, the area 
generated by their difference is the difference of the polar areas 
generated by r^ and rg. Hence the expression for this area is 



A=\\{r,'-r^) 



dd. 



(2) 
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III. Let us apply this formula to find the whole area 

between the cissoid 

/•i = 2a (sec B — cos S)y 

Fig. 9, and its asymptote BP^ whose 
polar equation is 

r^ = 2a sec ft 

One half of the required area is generated 
by the line P\P%, while B varies from o to 




I 

2 



Hence by the formula 



Fig. 9. 



A = 2^1^' (2 - CO^B) dB=:^ Tt^. 



Therefore the whole area required is 3^^. 



Transformation of the Polar Formulas. 

112. In the case of curves given in rectangular coordinates, 
it is sometimes convenient to regard an area as generated by a 
radius vector, and to use the transformations deduced below 
in place of the polar formulas. 



Put 



^= mx\ 



(I) 



now taking the origin as pole and the initial line as the axis 
of Xy we have 



X ^r cos B^ 



^ = r sin ^ ; . . . (2) 



therefore 



m^-^ tan B. 

X 



and 



dm = sec^ B dB, 



(3) 
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- - - - > . Ml 

From equations (2) and (3), 

therefore equation (i) of Art. 108 gives 



A 



= ^^^dm. (4) 



In like manner, equation (2) Art. 1 10 becomes 

A=ll{xi-x,^dm (5) 

113. As an illustration, let us take the folium 

4?* H-y — 3^?;rv = o (i) 

Putting 7 = mx, we have 

x^{i + n^ — ^amjt^ =0 (2) 

This equation gives three roots or values of jr, of which two 
are always equal zero, and the third is 

_ 3^^ . (.^ 



whence y=-^ ^ (5) 

These are therefore the coordinates of the point P in Fig. 10. 
Since the values of x and y vanish when ;« = o, and when 
m =: ooy the curve has a loop in the first quadrant. To find 
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the area of this loop we therefore have, by equation (4) of the 
preceding article, 

A_9^r ^dm _ 3^* I "I" _ 3^ 
~ 2 Jo (i + n^f ~" "" 2 I 4- m^Jo "" 2 



;^ 



114. The area included between this curve and its asymp- 

tote may be found by means of equation 
(5), Art. 112. The equation of a straight 
line is of the form 





/ 







_\ 



y = mx + by 



Fig. 10. 



and since this line is parallel to ^ = mx^ 
the value of vt for the asymptote must be 

that which makes x and y in equations (4) and (5) infinite ; 

that is, m = — 1 ; hence the equation of the asymptote is 



y -[- X = 6, 



(6) 



in which d is to be determined. Since when w= — i, the 
point P of the curve approaches indefinitely near to the asymp- 
tote, equation (6) must be satisfied by P when m= — i. 
From (4) and (5) we derive 



y-\-x=z:ia 



v? -f- in 



T^ain 



I -\- n^ I — m -\- n^ ^ 



whence, putting m = — i, and substituting in equation (6) 

— a = dy 

the equation of the asymptote AB, Fig. 10, is 



y + X = — a. 



(7) 
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Now, as m varies from — oo to O, the difference between the 
radii vectores of the asymptote and curve will generate the 
areas OB C and ODA, hence the sum of these areas is repre- 
sented by 



A = - { (x^ — ^i) dm, 

2j_oo 



in which Xr^ is taken from the equation of the asymptote (7), 
and x^ from that of the curve. 
Putting ^= mx, in (7), we have 



^2= - 



a 



I + m 



and the value of Xi is given in equation (4). Hence 



2 J_ooL(i + mr 



<^n? 



f (I +;//7J 



dm 



"2 Lt 



I "^ 



-h n^ \ -^ m 



— 00 



c? 2 -^ m — m^^ 



I + m 



8 



° — ^ 2 — m "1^ * — ^ 

2 I —m ■{■ m^J_„ "" 



Adding the triangle OCD, whose area is -^c^y we have for the 
whole area required |^. 



* This reduction is given to show that the integral is not infinite for the 
value /w = —■ I, which is between the limits. See Art. 77, 
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Examples VIIL 



I. Find the area included between the curve 



c^y = jc' -f aof^ 



and the axis of x. 



2. Find the whole area of the curve 



J?! 

13 



ay = x' {a^ - o(^\ 
3. Find the area of a loop of the curve 



4 



^(a«+y)=y(a'-/). 

4. Find the area between the axes and the curve 

y{,y? -ira^) = b^ {a '- x). 

5. Find the area between the curve 

xy + ay - tfV = o, 
and one of its asymptotes. 



f(»r-2). 



>.[^-l£p1. 



2a 



6. Find the area between the parabola y = 4^5:1; and the straight 

line y = ^. — . 

3 

7. Find the area of the ellipse whose equation is 



ax^ + 2bxy + ^^ = i. 



n 



%\ • 



Viae - ff) 
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8. Find the area of the loop of the curve 



L. 



in which ^ > o and b> a, — r-^ 

V 

vj. Find the area of the loop of the curve 
\\ 

105a* 
10. Find the area included between the axes and the curve 



©*^©*=- 



20 



II. If « is an integer, prove that the area included between the 
axes and the curve 



©■-(#= 



. «(«— i) • • • I . - 

IS ^ = -r-^ ;-^ . , . ab. 

2n \2n — i) • • • (« 4- i) 



12. If « is an odd integer, prove that the area included between 
the axes and the curve 



(Sf- (f) = 



. _ [/?(«— 2) »' * i]* Ttab 

IS A — 7 V 

2« (2« — 2) • • • 2 2 
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13. In the case of the curtate cycloid 

jr = a^ — ^ sin 0, yz=.a — b cos ^, 

find the area between the axis of x and the arc below this axis. 



(2a" + b^) cos-^l — za V{b* - a*). 

14. If ^ = ^an^ show that the area of the loop of the curtate 
cycloid is 



-■[?-]• 



w^' 15. Find the area of the segment of the hyperbola 

;r = a sec ^, y = b tan 0, 



cut off by the double ordinate whose length is 2b, 



ab\ ^2 — log tan ^ . 



16. Find the whole area of the curve 



r' = a* cos' e 4- b"" sin' 0. - {a^ 4- b% 

2 

17. Find the area of a loop of the curve 

r^ ^= a cos — ^ sm 0. 1 tan 7- . 

22 b 

18. Find the areas of the large and of each of the small loops of 
the curve 

r = a cos © cos 26 ; 
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and show that the sum of the loops may be expressed by a single 
integral. 

--r- + - , and ^ • 

16 4 ' 32 8 

19. In the case of the spiral of Archimedes, 

r = a©, 

find the area generated by the radius vector of the first whorl and 
that generated by the difference between th^/ radii vectores of the «th 
and (« + i)th whorl. 

— - — , and 8«tfV*. 



2g^ 20. Find the area of a loop of the curve 



/• = tf sin 3©. 



12 



f^'jflr 21. Find the area of the cardioid 



r= 4dJ sin' ^. 6n(f, ^ 



.^4^ 22. Find the area of the loop of the curve 



cos 20 tf (4 — Tt\ 

cos 2 



23. In the case of the hyperbolic spiral, 



rO = tf , 



show that the area generated by the radius vector is proportional to 
the difference between its initial and its final value. 
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24. Find the area of a loop of the curve 



r = « cos n 0. 



TTC^ 



4n 



7^ 25. Find the area of a loop of the curve 



a a sin 39 a^ 



cos 



«e • 



26. Find the area of a loop of the curve 



r* sin = a^ cos 26. 



Notice that r is real and finite from 6 = — /^ 6 = ~ , and that -r 

4 4 Jsu 

is negative in this interval, a' \ ^2 — log (i + V2) . 






27. Find the area of a loop of the curve 

Transform to polar coordinates, 

28. In the case of the limayon 

r=z 2a cos ©4-3, 



find the whole area of the curve when by- 2a and show that the same 
expression gives the sum of the loops when b < 2a, 

(2^' + b')7e. 
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29. Find separately the areas of the large and small loops of the 
lima9on when b <2a. 

If or = cos "M ) , 

large loop = (2df' + b^) a + ^ V{^* - b^) ; 

z 
small loop = (2a* + b^) (;r - a) - ^ 4/(4^5' - b^). 



30. Find the area of a loop of the curve 

^/{a' 4- b') 



f * = c^ cos « + ^* sin « 0. 

31. Find the area of the loop of the curve 

2 cos 2^—1 



n 



r =^ a 



cos 



[sVs-y'r].'. 



32. Show that the sectorial area between the axis of x, the equi- 
lateral hyperbola 

and the radius vector making the angle at the centre is represented 

by the formula 

. I , I 4- tan 9 

and hence show that 

X = , and y = z • 



2 



If A denotes ike corresponding area in the case of the circle 

A^+/= I, 

we have 

X = cos 2-4, and y = sin 2A. 
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\ '- 

In accordance with the ancUogy thus presented^ the values of x and y given 
above are ccUledthe hyperbolic cosine and the hyperbolic sine of 2 A. Thus 

= cosh (2^), = sinh (2A). 



33. Find the area of the loop of the curve 



^ a 
X* — zaxy* 4- 2ay* = o. -^ — 

•^ 35-2 



34. Find the area of the !oop of the curve 



y 4- ax* — axy = o. 



37. Find the area of a loop of the curve 



x= 2a sva^t 
x' 






2/7 '\~ I 

x2n+i^y2M'{'i -. (2«+ i) axy\ a* . 



35. Find the area between the curve 

jp2«+i ^y^n+t _ ^2« + i) axy* 

- . 2« + I a 

and its asymptote. a . 

36. Find the area of the loop of the curve 



60 



Tta* 



X* +y* =a'xy, -g-. 

38. Trace the curve 



and find the area of one loop. ^a*> 
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Volumes of Geometric Solids. 

115. A geometric solid whose volume is required is fre- 
quently defined in such a way that the area of the plane sec- 
tion parallel to a fixed plane may be expressed in terms of 
the perpendicular distance of the section from the fixed plane. 
When this is the case, the solid is to be regarded as generated 
by the motion of the plane section, and its differential, when 
thus considered, is readily expressed. 

116. For example, let us consider the solid whose surface !s 
formed by the revolution of the curve APB, Fig. ii, about 
the axis OX. The plane section per- ^ 
pendicular to the axis OX is a circle; ^ 

and if APB be referred to rectangu- "''^ 

lar coordinates, the distance of the 
section from a parallel plane passing' 
through the origin is Xy while the 
radius of the circle \?, y. Supposing 
the centre of the section to move 
uniformly along the axis, the rate at '^"^^ 

which the volume is generated is not ^^ 

uniform, but its differential is the vol- *^"^- ^** 

ume which would be generated while the centre is describii^ 
the distance dx, if the rate were made constant This differen- 
tial volume is therefore the cylinder whose altitude is dx, and 
the radius of whose base is y. Hence, if V denote the volume, 

dV= Ttfdx. 

117. As an illustration, let it be required to find the volume 
of the paraboloid, whose height is k, and the radius of whose 
base is b. 
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- - - ' - - I I 

The revolving curve is in this case a parabola, whose equa- 
tion is of the form 

f = /^ix ; 
and since y — b when x = h, 



V^ — dfihy whence 4^ = y ; 

It 

the equation of the parabola is therefore 



f = -^x. 



Hence the volume required is 



V=7r\ y'dx = 7t -r\ xax=- — 
Jo-^ ^ Jo 2 



n^A 



118. It can obviously be shown, by the method used in 
Art. 116, that whatever be the shape of the section parallel to 
a fixed plane, the differential of the volume is the product of the 
area of the generating section and the differential of its motion 
perpendicular to its plane, \ 

If the volume is completely enclosed by a surface whose 
equation is given in the rectangular coordinates x^ y, z, and if 
we denote the areas of the sections perpendicular to the axes 
by Axy Ayy and Az, we may employ either of the formulas 

V=z{A^dx, V=\Aydy, V=^A,dz. 

THe equation of the section perpendicular to the axis of x 
is determined by regarding x as constant in the equation of 
the surface, and its area Ax is of course a function of x. 
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For example, the equation of the surface of an ellipsoid is 

^^^^ • 
The section perpendicular to the axis of x is the ellipse 

b c ' • " 

whose semi-axes are - v(^ — Jt^ and - V(^ — ;r*). * * 

Since the area of an ellipse is the product of n and its semi- 
axes. 

The limits for x are ±a^ the values between which x must lie 
to make the ellipse possible. Hence 

119* The area Ax can frequently be determined by the con- 
ditions of the problem without finding the equation of tbe 
surface. For example, let it be required to find the volume of 
the solid generated by so moving an ellipse with constant 
major axis, that its center shall describe the major axis of a 
fixed ellipse, to whose plane it is perpendicular, while the ex- 
tremities of its minor axis describe the fixed ellipse. Let the 
equation of the fixed ellipse be 

-- 4- ~ == T 



144 
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[Art. 119. 



and let c be the major semi-axis of the moving ellipse. The 
minor semi-axis of this ellipse is y. Since the area of an 
ellipse is equal to n multiplied by the product of its semi-axes, 
we have 



Therefore 



A^^^cy^— »^((^-:?). 



V='^^^ V{a'-a^)dx; 



hence, see formula (M), 



r= 



ffiabc 



The Solid of Revolution regarded as Generated by a 

Cylindrical Surface. 

120. A solid of revolution may be generated in another 

manner, which is sometimes more 
convenient than the employment 
of a circular section, as in Art. 1 16. 
For example, let the cissoid PORy 
Fig. 12, whose equation is 

j^ (2a — x)^ ^y 

revolve about its asymptote AB. 
The line PR, parallel to AB and 
terminated by the curve, describes 
Fig. 12. a cylindrical surface. If we con- 

ceive the radius of this cylinder to 
pass from the value OA = 2a to zero, the cylindrical surface 
will evidently generate the solid of revolution. Now every 




I 
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point of this cylindrical surface moves with a rate equal to 
that of the radius; therefore the differential of the solid is 
the product of the cylindrical surface, and the differential of 
the radius. The radius and altitude in this case are 



PC=2a — X, 



and 



PR=2y, 



therefore 



Putting 



F = 4;r I {2ax — a?)^x dx. 



X -- a = a sin 0y 



V= 47rc^ ' (cos« e + cos^ e sin 6) dd = 2;rV. 




Double Integration. 

121. When rectangular coordinates are used, the expression 
for the area generated by a line parallel 
to the axis of y and terminated by two 
curves is 



A = \^J^y^-y^dx. . . . (i) 



o 




h 



Fig. 13. 



Let ABj in Fig. 13, be the initial, 
and CD the final position of the gen- 
erating line, then the area is ABDCy which is enclosed by the 
curves 

7=J'i> .y=.ra, 

and by the straight lines 



X ^ a^ 



x^b. 
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If in equation (i) we substitute for y^ —y^ the equivalent ex- 
pression dyy we have 

A=\\ dydx, (2) 



which expresses the area in the form of a double integral. In 
this double integral the limits^! and ^2 forj^, are functions of 
;r, while a and ^, the limits for x^ are constants. 

122. If the area is that of a closed curve yi and y^ are two 
values of ^ corresponding to the same value of x in the equa- 
tion of the curve, and a and b are the values of x for which ji 
and y^ become equal, as represented by the dotted lines in Fig. 
13. It is evident that the entire area may also be expressed in | 
the form 

^ = ££V;r^j/; (3) 

and that when either of the forms (2) or (3) is applied to the 
area of a closed curve the limits are completely determined by 
the equation of the curve. 

123. The limits in either of the expressions (i) or (2) define 
a certain closed boundary, and since either of these integrals 
represents the included area, it is evident that we may write 



\dy dx = \dxdy; 



provided it is understood that the limits in the two expressions 
are such as to represent the same boundary. It should however 
be noticed that if the boundary is like that represented by the 
full lines in Fig. 13, or if the arcs y =^yi and y ^y^ do not 
belong to the same curve, we cannot make a practical application 
of the form (3) without breaking up t'he integral into several 
parts. 
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124. Let ^ (^,y) be any function of x and ^. In the double 
integral 

I \ ^^i^yfjdydxy (i) 



X is considered as a constant or independent of ^ in the first 
integration, but the limits of this integration are functions of x. 
The double integration is then said to extend over the area 
which is represented by the expression 



I \ dydxy 

J a jjy, 



or 



L (•^'""■^^ 



dx. 



(2) 



125. Now let the surface, of which 



£r = (^{x,j^) 



(3) 



is the equation in rectangular coordinates, be constructed ; and 
let a cylindrical surface be formed by moving a line perpen- 
dicular to the plane of xy about the boundary of the area (2) 
over which the integration extends. Let us suppose the value 
of js to be positive for all values of x and ^ which represent 
points within this boundary. Then the cylindrical surface, 
together with the plane of xy and the surface (3), encloses a 
solid, of which the base is the area 
(2) in the plane xy, or ASBR in Fig. 
14, and the upper surface is CQDP a 
portion of the surface (3). 

Let SRPQ be a section of this 
solid perpendicular to the axis of x. 
In this section x has a constant value, 
and the ordinates of R and 5 are the 
corresponding values of yx and y^. 
The area of this section, which denote Fig. 14. 
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by Ajc^ as in Art. 117, may be regarded as generated by the line 
Zy hence 



A^ = ^ zdy\ 



and therefore 



F= f ^^ zdydx, (i) 



which is identical with expression (i) Art. 124. 

126. Now it is evident that the same volume may be ex- 
pressed by 

F= \zdxdy^ 

provided that the double integration extends over the same area. 
Hence, with this understanding, we may write 

In this formula x and y may be regarded as taking the 
places of any two variables, the limits of integration being 
determined by a given relation between the variables. Thus 
we may write 

U(^, v)dvdu ^ U {Uy v) dudVy 

provided the limits of integration are determined in each case 
by the same relation between u and v. 

127. For example, if this relation is 

«* + 2^ — r* = o, 
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the range of values in the first integration is between 



vz=. ±^{f^-ii)\ 



that is, we must have 



7^<C^ — «^, 



or t^-Vv^'—^<o (i) 

But this condition also expresses the limits for «, since v is 
only possible when t?<c^. Now, putting rectangular coordi- 
nates, X and 7, in place of u and v^ it i? convenient to express 
the restriction (i), by saying that the range of values of x and 
j5/is such as to represent every point within the circle 

;r* + y — t:* = O. 



Volumes by Double and Triple Integration. 

128. As an application of formula (i), Art. 125, let us sup- 
pose the curve ASBR to be the circle 

(;r->4)2 + (r-.>&)a = ^^ (I) 

and the equation of the surface CQDP to be 

xy^pz (2) 

I f* f>'« I f^ 

Then f^=r ^ydydx^'-X {y^-yDxdx, 
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in which the limits y<^ and y^ are derived from equation (!)• 
Hence 

J, = >& + V [^ - (^ - >4)^ , yx^k^V\(?-{x^Kf\, 

and F= ^J* ^[^- (;r ->4)2]";ir^/;ir. 

The limits for x are the extreme values of x which make y 
possible ; that is, 

a = h — c and b=^h -{- c. 



To evaluate the integral, put 

x — h^csm6\ 

then V=^[\ cos' {h -^ c sin 6) dS. 



Since, by Art. 87, 



I ^co^d sin 0d6 =0, 



we have finally 



129. A volume in general may be. represented by the triple 
integral 

V =-\\\dz dy dx, (I) 
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which is equivalent to 

V=\\{^2-^^dydx] (2) 

for I (^2 — z^ dy^ Ax^ the area of a section perpendicular to 

the axis of x. We may regard this formula as expressing the 
difference between two cylindrical solids of the form represented 
in Fig. 14. 

130. When the volume is that of a closed surface, z% and Zx 
are two values of z in terms of x and y found from the equa- 
tion of the surface. The area over which the integration 
extends is in this case the projection of the solid upon the plane 
of xy ; in other words, the base of a circumscribing cylinder. 
Thus, if the volume is that of the sphere 

x^^f^{z^cf=^cf, (I) 

z^ and z^ are the two values of z derived from this equation : 
that is c ± V{o? — o? — f). 

Hence z% — Zx^2 V(a? — a^ — y), 



and 



V=2l{ V(d'-a^''j^)dydx. . • . . (2) 



The integration here extends over the circle 



;i^ + j^ — «* = o (3) 
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since; ^2 — ^\ is real only when 

c? — x^ —f > o. 
From equation (3) we find the limits for^ to be 

hence, by formula (-Af), equation (2) becomes 

V = n[{c? - :>?) dx. 

Finally the limits for x are ± ^, since y is real only when x is 
between these limits ; 

therefore V= tt \ c?x :^\ = - nc? , 

L 3 J-« 3 



Elements of Area and Volume, 
\ 131. In accordance with Art. 100, the expression for an area, 

dydx (i) 

is the limit of the sum 

Siace each of the terms included in 2^^ t^y is multiplied by 
the common factor A;r, this sum may be written in the form 

Sl^^'jAjA^. (2) 



\ 
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The sum (2) consists of terms of the form 

and this product is called the elenie7it of the sum; in like man- 
ner, the product 

dy dx^ 

which takes the place of t.y t.x when we pass to the limit by 
substituting integration for summation, is called the element of 
the integral (i), or of the area represented by it. 

132. We may now regard the process of double integration 
as a process of double summation, as indicated by expression 
(2), followed by the act of passing to the limiting value. In 
the first summation indicated, the elemental rectangles corre- 
sponding to the same value of x are combined into the term 
(^2 ~~ Ji) ^^> which may be called a linear element of area^ since 
its length is independent of the symbol A . 

133. It is easy to see that, in a similar manner, when rec- 
tangular coordinates are used, a volume may be regarded as 
the limiting value of the sum of terms of the form 

A A- t^y Ajs; 
and hence dx dy dzy 



\ 



• which takes its place when we pass to the limiting value by 
Substituting integration for summation, is called the element of 
Volume. 

If the summation is effected in the order ^, 7, x^ the first 
operation combines the elements which have common values 
and X into the linear element of volume^ 

(-STg— -8^1) A;r t^y. 
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The second operation combines the linear elements correspond- 
ing to a common value of ;r, over a certain range of values of ^, 
into a term whose limiting value takes the form 

This last expression represents a lamina perpendicular to the 
axis of jr, whose area is A^ a section of the solid, and whose 
thickness is A-r. 



Polar Elements. 



134. If in the formula for a polar area, 



A =\\{rl- tTi de (I) 



[equation (2), Art. 1 10], we substitute for -(r2'— rf) the equiv- 

4kl 



alent expression r dr^ we obtain 

A = ^ ^\drde (2) 

in which a and fi are fixed limits for Q. 

Now it follows, from Art. 126, that the limits being deter- 
mined by a certain relation between r and B, this integral may 
also be put in the form 

A=^ r^'de.dr=^ r(e^-e^dr, ... (3) 

Ja Je^ J a 
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in which a and b are the limiting values of r, between which 6 
is possible. 

The expression r dr dd, 

in equation (2), is called tht polar element of area.* 
I3S. The formula 



A^\r{e^^e,)dr 



-aay also be derived geometrically ; for r {d^ — ^1) is the length 
of an arc whose radius is r. As r increases, this arc generates 
the surface, and it is plain that every point has a motion, 
whose differential is dr^ in a direction perpendicular to the arc, 
136. In determining the volume of a solid, it is sometimes 
convenient to express ^ as a function of the polar coordinates 
of its projection in the plane of xy. In this case we employ 
the linear element of volume, 

(^a — ^1) r dr ddy 
corresponding to the polar element of area. 

* It is easily shown that the area included between the circles whose radii are 
rand r + Ar, and the radii whose inclinations to the initial line are and 9 + A0 

is 

(r + iAf) Ar A«. 

Since r + ^ A r is intermediate between r and r + A r, the limiting value of the 
sum, of which this is the element, is, by Art. 99, the integral of the element 

rdrdB, 

In the summation corresponding to equation (i), the elements are first combined 
into the sectorial element 

while in the summation corresponding to equation (3), they are first combined into 
the arc-shaped element 

(r + iAr)(^g — $1) Ar. 
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As an illustration, let us determine the volume cut from a 
sphere by a right cylinder, having a radius of the sphere for 
one of its diameters. Taking the centre of the sphere as 
the origin, the diameter of the cylinder as initial line, and the 
axis of z parallel to the axis of the cylinder, we have for 
every point on the surface of the sphere 

^^r^^c?, (i) 

where a is the radius of the sphere. Hence 

z^ — z^ = 2 ^{c? — r^), 
and F= 2 [jV - r'frdrde =11"- -(^ - r^fX^dd. 

The circular base passes through the pole, and its equation is 

r = ^cos^, (2) 

hence the limits forr are o and a cos d, and by substitution we 
obtain 

»8 



F=— f(i -sm^e)dd. 



The limits for are ± — , the values which make r vanish 

in equation (2) ; but it is to be noticed that the expression 

{c? — r^)t, for which we have substituted c? sin^ Oj is always posi- 
tive, whereas sin® 6 is negative in the fourth quadrant. Hence 
the value of V is double the value of the integral in the first 
quadrant ; that is, 



IT 

3 Jo 



IT 
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If a second cylinder whose diameter is the opposite radius of 
the sphere be constructed, the whole volume removed from the 

, and the portion of the sphere which 



sphere is 

^ 3 

16^ 



remains is 



the diameter. 



, a quantity commensurable with the cube of 

9 ' \ 




Polar Coordinates in Space. 



137. A point in space may be determined by the polar 
coordinates yo, ^, and ^, of which p de- 
notes the radius vector OPy Fig. 15, 
^ the inclination POR of p to a fixed 
plane* passing through the pole, and Q 
the angle ROAy which the projection 
of p upon this plane makes with a 
fixed line in the plane. The angles ^ 
and d thus correspond to the latitude 
and longitude of the point P considered 
as situated upon the surface of a sphere 
whose radius is p. The radius of the 
circle of latitude BP is 




Fig. 15. 



PC= pcos^. 

The motions of P, when p, ^, and 9 independently vary, are 
in the directions of the radius vector OP and of the tangents at 
P to the arcs PR and PB. The differentials of fhese motions 
are respectively 



dp. 



p d^, and p cos ^dB ; 
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and since these motions are mutually rectangular, the element 
of volume is their product, 

ffcos^dpd(l>cld, 



and F = 



ff cos <l> dp d(l> dd (i) 



138. Performing the integration with respect to p, the for- 
mula becomes 

F=i|J(p3«-pf)cos^rf^rf^ ^^^ 

When the radius vector lies entirely within the solid, the lower 
limit px must be taken equal zero, and we may write 

« 

V=-[yQos(l>d(l>dd (3) 

The element of this double integral has the forni of a pyramid 
with vertex at the pole. 

If, on the other hand, in formula (i) we perform first the 
integration with respect to ^, we have 

V=[Usm(k-'sm(l>;)f?df}dd (4) 

Taking the lower limit ^^ = o, so that the solid is bounded by 
the plane OR A, we have the simpler formula 

V=^[[sm4>lfdpde (5) 

139. The formulas of the preceding article take simpler 
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forms when applied to solids of revolution. Let OZy Fig. 15, 
be the axis of revolution, then p and ^ are polar coordinates of 
the revolving curve, OR being the initial line. Now d is in 
this case independent of p and ^, and its limits are o and 2n, 
The integration with reference to B may therefore be performed 
at once. Thus from (3) we obtain 



f^ = — \ff cos ^ d^ ; 



(6) 



and in each of the formulas the factor 2?r may take the place 
of the integration with reference to B, 

140. As an example of the use of equation (6), let us find 
the volume generated by a circle revolving about one of its 
tangents. The initial line, being perpendicular to the axis of 
revolution, is a diameter ; hence if a is the radius of the circle 
its equation is 

p = 20! cos ^, 

It It 
and the limits for ^ are and — . Substituting in (6) 



F= 



\6nc? 






COSV^^ = 271^0^. 



141. The following example of the use of 
equation (4), Art. 138, is added to illustrate 
the necessity of drawing a figure in each 
case to determine the limits to be employed. 

Let it be required to find the volume 
generated by the revolution of the cardioid 
about its axis, the equation of the curve 
being 

p=za{i + sin^), . . 




Fig. z6. 



(0 
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when the initial line is perpendicular to the axis of the curve, 
as in Fig. 16. The figure shows that the upper limit for ^ 

is — ;r, while the lower limit is the value of ^ given by equa- 

tion (i) ; therefore 

sin A = I, and sin^i= — -— i. 

a 

The limits for p are evidently o and 2a. Substituting in equa- 
tion (4) Art. 138, 



L 3 4^Jo 



Examples IX. 

I. Find the volume of the spheroid produced by the revolution of 
the ellipse, 

about the axis of x, , 



2. Find the volume of a right cone whose altitude is a, and the 
radius of whose base is b, nab^ 



3. Find the volume of the solid produced by the revolution about 
the axis of x of the area between this axis, the cissoid 

y* {2a — x) z= x^^ 
and the ordinate of the point {a, a). Sa^Tt (log 2 — f ). 



§ IX.] EXAMPLES, l6l 

V 4. Find the volume generated by the revolution of the witch, 

y^x — 2ay^ -^-^x = o, 
about its asymptote. 

See Art, 104. 4?rV, 

l/^ S.t'The equilateral hyperbola 

^^ — y = tf« 

revolves about the axis of x \ show that the volume cut off by a plane 
cutting the axis of x perpendicularly at a distance a from the vertex 
is equal to a sphere whose radius is a, 

6. An anchor ring is formed by the revolution of a circle whose 
-. radius is h about a straight line in its plane at a distance a from its 

centre : find its volume. 2n*ab*. 

7. Express the volume of a segment of a sphere in terms of the 
altitude h and the radii ax and a% of the bases. 

l/^ 8. Find the volume generated by the revolution of the cycloid, 

:r = a (^ — sin ^), ^ = a (i — cos ip), 

about its base. 5 n^a*. 

y^yf J 9. The area included between the cycloid and tangents at the 
I cusp and at the vertex revolves about the latter ; find the volume gen- 
erated. 

71 a . 

10. Find the volume generated by the revolution of the part of the 

curve 

y=€^, 

which is on the left of the origin, about the axis of x. 

n 

2 
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11. The axes of two equal right circular cylinders, whose common 
radius is ^, intersect at the angle a ; find the volume common to the 
cylinders. 

The section parallel to the axes is a rhombus, i6a* 

3 sin a ' 

12. Find the volume generated by the revolution of one branch of 
the sinusoid, 

V = ^ sm — , 

-^ a' 

about the axis of x. Tc^b 

2a ' 
! 

13. Find the volume enclosed by the surface generated by the revo- 
^^ ^ lution of an arc of a parabola about a chord, whose length is 2c, per- 
pendicular to the axis, and at a distance b from the vertex. 

16 nb'^c 

14. Find the volume generated by the revolution of the tractrix, 
whose differential equation is 



dx "" ^{a^-fV 
about the axis of x. 

Express ny^ dx in terms of y. 27ta* 

3 

15. Find the volume cut from a right circular cylinder whose radius 

is a, by a plane passing through the centre of the base, and making 

the angle ot with the plane of the base. 

2a' tan a 

3 

16. Fmd the volume generated by the curve 

xy^ = 4a' {2a — x) 
revolving about its asymptote. : 4?rV. 
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'frl 



17. Express the volume of a frustum of a cone in terms of its 
height hy and the radii a^ and a^ of its bases. 

, -^18. Find the volume generated by the revolution of the cardioid, 

I r = a(i~cose), _ r^Q^ 

about the initial line. / A' /' ^ / V ^ ^ ■ '' 

Express y and dx in terms of B, I A^/L U ^^^ 

V / 19. Find the volume of a barrel whose height is 2^, and diameter 
2^, the longitudinal section through the centre being a segment of an 
ellipse whose foci are in the ends of the barrel. 

2h' + 3^" 



2;r^'^ 



3 (^' + ^1 



Sv • 



20. Find the volume generated by the superior and by the inferior 
branch of the conchoid each revolving about the directrix ; the 
equation, when the axis of j; is the directrix, being 



x"/ = (a + xy {3' - x'). 



t-tf . 4^^' 



21. On two opposite lateral faces of a rectangular parallelopiped 
whose base is ad, oblique lines are drawn, cutting off the distances 
^i» ^s, ^8, ^4 on the lateral edges. A straight line intersecting each of 
these lines moves across the parallelopiped, remaining always parallel 
to the other lateral faces : find the volume cut off. 

ad (ci 4- ^9 + ^:8 + ^4) 



22. Find the volume enclosed by the surface generated by an arc 
of a circle whose radius is a, about a chord whose length is 2c, 



27tC i'la — C) a ,/ « r9\ • -T ^ 

^^ ^ — 27ra' V(» " ^ ) sin ' — . 

3 ^ 



V 



164 GEOMETRICAL APPLICATIONS, [Ex. IX, 

23. The area included between a quadrant of the ellipse 

X -=. a cos ^, y'='b sin ^, 

and the tangents at its extremities revolves about the tangent at the 
extremity of the minor axis ; find the volume generated. 

nab^ (10 — yrc) 



24. An ellipse revolves about the tangent at the extremity of its 
major axis ; express the entire volume in the form of an integral, 
whose limits are o and 2 7r, and find its value. 2 7rV^. 



25. Show that the volume between the surface, 

and any plane parallel to the plane of xy is equal to the circumscrib- 
ing cylinder divided by « + i. 

26. A straight line of fixed length 2c moves with its extremities in 
two fixed perpendicular straight lines not in the same plane, and at a 
distance 2b, Prove that every point in the moving line describes an 
ellipse in a plane parallel to both the fixed lines, and find the volume 
enclosed by the generated surface. /^n (c^ — ^*) b 

3 

27. Find the volume enclosed by the surface whose equation is 

x^ / 0* Znabc 

« b' c* 5 

28. A moving straight line, which is always perpendicular to a fixed 
straight line through which it passes, passes also through the circum- 
ference of a circle whose radius is a, in a plane parallel to the fixed 
straight line and at a distance b from it ; find the volume enclosed 
by the surface generated and the circle. na^b 



2 
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29. Find the volume enclosed by the surface 



, , , ndbc 

and the plane x=.a. • . 

2 

30. Find the volume enclosed by the surface 

^* 4- >'* + 2^ = «'. 
Find Az as in Art 107, and then evaluate V by a similar method. 

Is"* 

31. Find the volume between the coordinate planes and the surface 



©'^ (I)*- (;)'=■■ 



abc 



90 

32. Find the volume cut from the paraboloid of revolution 

y -f- 5' = ^ax 

by the right circular cylinder 

^' 4-y = 2ax^ 

whose axis intersects the axis of the paraboloid perpendicularly at the 

focus, and whose surface passes through the vertex. , i6a^ 

27ta -\ • . 

3 

33. The paraboloid of revolution 

^* + y = cz 
is pierced by the right circular cylinder 

:»;" 4- y = ax^ 
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whose diameter is a, and whose surface contains the axis of the parab- 
oloid ; find the volume between the plane of xy and the surfaces of 
the paraboloid and of the cylinder. ^7ta^ 

32c ' 

34. Find the volume cut from a sphere whose radius is a by a 
right circular cylinder whose radius is b, and whose axis passes through 
the centre of the sphere. ^nr s __ / « _ .a\f 

5. Find the volume cut from a sphere whose radius is a by the 
ylinder whose base is the curve 

r = a cos 30. 2gV ^ 8*/ 

3 9 

/ 36. Find the volume cut from a sphere whose radius is a by the 
/' cylinder whose base is the curve 

r = a* cos' -f ^' sin' 0, 
supposing d <a. (^' ~ ^) • 

37. A right cone, the radius of whose base is a and whose alti- 
tude is by is pierced by a cylinder whose base is a circle having for 
diameter a radius of the base of the cone ; find the volume common 
to the cone and the cylinder. ba^ 



36 



(gTC — 16). 



38. The axis of a right cone whose semi- vertical angle is a coin- 
cides with a diameter of the sphere whose radius is a, the vertex being 
on the surface of the sphere ; find the volume of the portion of the 
sphere which is outside of the cone. 47ra'cos* a 

3 

39. Find the volume produced by the revolution of the lemniscata 

/ = a^ cos 20, 

about a perpendicular to the initial line. 7r*a' 4/2 

8 
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40. Find the volumes generated by the revolution of the large loop 
and by one of the small loops of the curve 

r = df cos e cos 20 

about a perpendicular to the initial line. 

— -T- + — , and . 

16 s ' 32 10 

41. From the element 

r dr dB dz 

derive the formulas for determining the volume of a solid of revolution 
whose axis is the axis of 5. 



= .n\\ 



rdrdz^ 

V= n [(r/— r^'y^, and r= 2n |(5, — z^rdr. 

Interpret the elements in these integrals. 

42. Find the volume generated by the revolution of the curve 

in which a > b^ about the axis of j^. 

/ 

/ 

Transform to polar coordinates^ and use the method of Art, 139. 

nb(2b^ + 3a*) . 'i na^ , b 

—^ ^ — ^— + — TT « —In COS-" - . 

6 2 ^\(f — b) a 

43. Find the yolume generated by the curve given in the preceding 
example, when revolving about the axis of x, 

na (2g« + 33') nb" . a + V(a^ - S") 
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44. Find the volume common to the sphere whose radius is p = ^ 
and to the solid formed by the revolution of the cardioid, 

r = a(i 4- cosO), 
about the initial line. 

See Art 141. ^^-7—. 

45. Find the whole volume enclosed by the surface 

Transform to the coordinates p, ^, 0, and show that the solid consists 
of four equal detached parts. 



a 



6' 



X. 

Rectification of Plane Curves. 

142. A curve is said to be rectified when its length is deter- 
mined, the unit of measure to which it is referred being a 
right line. 

It is shown in Diff. Calc, Art. 314 [Abridged Ed., Art. 164], 
that, if s denotes the length of the arc of a curve given in 
rectangular coordinates, we shall have 

ds = V{dj^ + df). 

If the abscissas of the extremities of the arc are known, s is 
found by substituting for dy in this expression its value in 
terms of x and dx^ and integrating the result between the 
given values of x as limits. Thus, to express the arc measured 
from the vertex of the semi-cubical parabola 
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in terms of the abscissa of its other extremity, we derive, from 
the equation of the curve, 

, 3 Vxdx 



whence ^ = i^(^+4£) ^^. 

2 ^a 



Integrating, 



s = V(Q-^ + 4^) dx 

24/aJo 



= 271^(9--^4->*-| 



143. When x and y are given in terms of a third variable, 
ds is generally expressed in terms of this variable. For exam- 
ple, from the equations of the four-cusped hypocycloid, 

x = acos^tpy y =^s\v?tp^ . . . (i) 

we derive 

dx=i — 'ia cos^ ip sin ^ dtpy and dy =^ '^a s\v? tp cos ^ dip; 

whence ds == ^a sin tp cos tp dtp (2) 

The length of the arc between the point {a, o), corresponding 
to ^ = o, and (o, a) corresponding to ^ = l;r, is therefore 



3^sin>T=3f. 

2 ^Jo 2 
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Change of the Sign of ds. 

144. We have hitherto assumed ds to be positive, but it is 
to be remarked that an expression substituted for dSy as in the 
illustration given in the preceding article, may change sign. 
Thus, in equation (2), ds, which is so written as to be positive 
while tj) passes from o to ^tt, becomes negative while ip passes 
from Jtt to 7t. Thus the integral gives a negative result for 
the arc between the points (o, d) and (— a, o), corresponding to 
\7r and n. This change of sign in ds indicates a cusp or sta- 
tionary point of the curve ; and the existence of such points 
must be considered before we can properly interpret the result- 
ing values of s. For instance, if in this example we integrate 

between the limits o and — , we sfet the result ^ = — , which is 

4 4 

the algebraic sum, but the numerical difference of the arcs 
between the points corresponding to the limits. 



Polar Coordinates. 

145. It is proved in Diff. Calc, Art. 317 [Abridged Ed., 
Art. 167], that when the curve is given in polar coordinates 

ds = ^{dr^ + r^ d(?). 

This IS usually expressed in terms of 6. For example, the 
equation of the cardioid is 

r = a {i — cos 0) = 2a s\v? {d\ 

whence dr = 2a sin ^6 cos ^0 dd, 

and by substitution 

ds = 2a sin ^^ dd. 
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The limits for the whole perimeter of the curve are o and 2;r, 
and ds remains positive for the whole interval. Therefore 

f 2ir ^ ^ n ^* 

s = 2a\ sin— dd= — Aa cos- = 8a. 

Jo 2 ^ 2jo 



Rectification of Curves of Double Curvature. 

146. Let (T denote the length of the arc of a curve of double 
cuxvature ; that is, one which does not lie in a plane, and sup- 
pose the curve to be referred to rectangular coordinates jit, / 
and z. If at any point of the curve the differentials of the 
coordinates be drawn in the directions of their respective axes, 
a rectangular parallelopiped will be formed, whose sides are 
dx^ dy and dz^ and whose diagonal is da. Hence 

da = V(dx^ + d/ + d?). 

The curve is determined by means of two equations connect- 
ing Xy y and z^ one of which usually expresses the value of y in 
terms of x^ and the other that of z in terms of x. We can 
then express da in terms of ;ir and dx. 

If the given equations contain all the variables, equations 
of the required form may be obtained by elimination. 

147. An equation containing the two variables x and y 
only is evidently the equation of the projection upon the plane 
of xy of a curve traced upon the surface determined by the 
other equation. Let s denote the length of this projection ; 
then, since d^ = dsi^ + ^, 

da = V{ds^ + d^), 

in which ds may, if convenient, be expressed in polar coordin- 
ates ; thus, 

da = ^{dr^ + r^d(F + d^. 
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|4fl. As an illustration, let us use this formula to deter- 
mine the length of the loxodromic curve from the equation of 

the sphere, 

;r3+/ + ^ = ^, (i) 

upon which it is traced, and its projection upon the plane of 
the equator, of which the equation is 

or in polar coordinates 

2a — r (««• + e-"0 (2) 

Equation (i) is equivalent to 

r* + ^ = ^1*; 

and, denoting the latitude of the projected point by (5, this 

gives 

*8r = ^1 sin ^, r=^a cos ^. . . . (3) 

In order to express dB in terms of ^, we substitute the value 
of r in (2) ; whence 

£«• -L £-«« = 2 sec ^ (4) 

and by differentiation 

£«• — 6-«« = - sec ^ tan ^-j- (5) 

Squaring and subtracting equation (5) from equation (4), 



4=*-^T-— *^]- 



which reduces to 

^^^sc^df_ ^^ 



f^ 
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From equations (3) and (6) 

tr 

df^ = a? SIT? <f> d^y 
d^ = c? zo^^d^\ 

whence substituting in the value of d(S (p. 171) 

Integrating, 

a^a"^ ^\ dj^^a^^^— — \fi - a), 

n ia n 

where a and /? denote the latitudes of the extremities of 
the arc. 



Examples X. 

I. Find the length of an arc measured from the vertex of the 
catenary 



-,(f *'"■)■ 



and show that the area between the coordinate axes and any arc is 
proportional to the arc. 






A = cs, 

2. Find the length of an arc measured from the vertex of the 

\)arabola 

y = 4^. 

i/{axi- ««) -f glog ^ j^a 
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3. Find the length of the curve 

. 6^ + 1 

£* — I * 

between the points whose abscissas are a and b. 

4. Find the length, measured from the origin, of the curve 



j. = alog ^, 



^^^^- — z-x. 
a — X 



5. Given the differential equation of the tractrix, 

dy _ y 



,9\ > 



dx VK-y) 

and, assuming (o, a) to be a point of the curve, find the value of s as 
measured from this point, and also the value of x in terms of jk ; that 
is, find the rectangular equation of the curve. 

y 

s = a log — . 
a 

6. Find the length of one branch of the cycloid 

a: = a (^ — sin ^), y = a{i— cos tp). 

7. When the cycloid is referred to its vertex, the equations being 

jt; = tf (i — cos ^), yz=za{ip + sin tp\ 

prove that s= ^{Sax). 
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8. Find the length from the point (^, o) of the curve 

'X = 2a cos tp — a cos 2^, * 

y =■ 2tf sin ^^ — d^ sin ztf). 

4a {t/? — sin tp). 

9. Show that the curve, 

x= $a cos ip — 2a cos' tp, y= 2a sin* ^, 

has cusps at the points given by ^ = o and tp = tt ; and find the 
whole length of the curve. 12a, 

10. Find the length of a quadrant of the curve 



V 



Cf^(f)'=' 



See Ftg. 6, ^r/. 107. — r — 

II. Show that the curve 

X'=' 2a cos* ^ (3 — 2 cos* ^), ^ = 4dJ sin ^ cos' ^ 



8a 
has three cusps, and that the length of each branch is — . 

3 

12. Find the length of the arc between the points at which the 
curve 

;r = a cos' 5 cos 2^, ^ =asih*^sin2^ 

2 — V2 
cuts the axes. a. 
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■ — — — 1- 

13. Show that the curve 

x^a cos ^ (i + sin' ^), 
^ = tf sin ^ cos' ^ 

is symmetrical to the axes, and find the length of the arcs between 
the cusps. f , I \ 



( 4^2 + COS-*— ) 



14. Find the length of one branch of the epicycloid 

x=^{a-\- b) cos ^ — ^ cos — - — ^, 

^ = (a + ^) sin ^ — ^ sin — 7 — ^. 



Zb {a + b) 



a 
. 15. Show that the curve 

^ = 9^ sin — 4^ sin' ^, 
^ = — 3a cos ^ + 4dJ cos' ^ 

is symmetrical to the axes, and has double points and cusps : find the 
lengths of the arcs, (a) between the double points, ()5) between a 
double point and a cusp, and (y) the arc connecting two cusps, and not 
passing through the double points. 

(a), a (;r + 3 4^3) ; 

na 



(/?), 



2 



16. Find the whole length of the curve 

;i; = 3a sin ^ — a sin'^, 

y= a cos' ^. ^na. 
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17. Find the length, measured from the pole, of any arc of the 

equiangular spiral 

r = at"*, 
in which n = cot a. r sec a, 

18. Prove by integration that the arc subtending the angle Q at the 
circumference in a circle whose radius is a, is 2^0. 

19. Find the length, measured from the origin, of the curve defined 
by the equations 



y= — , a: = 7-9. 

•^ 2a 6a 

X 4. 

6a 



x" 



•^+7-,. 



20. Find the length, measured from the origin, of the intersection of 
the surfaces 

y =z j^n sin Xy z= 2tt {2x H- sin 2x). 

(4«' + i)x + 2«'sin 2X. 

21. Find the length, measured from the origin, of the intersection of . 
the cylindrical surfaces 

(j — xY = 4aXy ga {z — - xY = 4X*. 

23A 



22. If upon the hyperbolic cylinder 



'^2V{ax)-\-x. 






a curve whose projection upon the plane of xy is the catenary 



be traced, prove that any arc of the curve bears to the corresponding 
arc of its projection the constant ratio l/(3* + r') : c. 



1/8 
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XI. 



Surfaces of Solids of Revolution. 

149« The surface of a solid of revolution may be generated 
by the circumference of the circular section made by a plane 

perpendicular to the axis of revolu- 
tion. Thus in Fig. 17, the surface 
produced by the revolution of the 
curve AB about the axis of x is re- 
garded as generated by the circum- 
ference PQ, The radius of this cir- 
cumference is J/, and its plane has a 
motion whose differential is dx^ but 
every point in the circumference itself 
has a motion whose differential is ds^s 
denoting an arc of the curve AB. 
Hence, denoting the required surface by 5, we have 

dS = 27ty ds =r iny f^id^ + df). 

The value of dS must of course be expressed in terms of a single 
variable before integration. 

150. For example, let us determine the area of the zone of 
spherical surface included between any two parallel planes. 
The radius of the sphere being ^, the equation of the revolv- 
ing curve is 

whence 7 = ^{c? — ^^ 

adx 




and 



dS = 2nadx\ 



"N 
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therefore 

5 = 2na \dx =- 2Tta (xt — x^ . 

Since x^ — x^ is the distance between the parallel planes, 
the area of a zone is the product of its altitude by 2na^ the 
circumference of a great circle, and tjie area of the whole sur- 
face of the sphere is 47r^. 

151. When the curve is given in polar coordinates, it is con- 
venient to transform the expression for 5 to polar coordinates. 
Thus, if the curve revolves about the initial line, 

5 = 2n\y ds = 27t[r sin B V{dr^ + t^ d9). 
For example, if the curve is the cardioid ^ t. 



we find, as in Art. 145, 



r=2^zsin^— ^, 
2 



ds = 2a sin — S dd. 
2 



. I. .. 0-^ 



Hence 

f"" I I 

5 = iSnc? sin^- 6 cos -6 d9 
Jo 2 2 



Xlnc?^ . . I ^"1* 32;r^ 



in»i^T = 

2 Jo 




S 2 Jo 5 



Areas of Surfaces in General. 

152. Let a surface be referred to rectangular coordinates x^ 
y and z ; the projection of a given portion of the surface upon 
the plane of xy is a plane area determined by a given relation 
between x and y. We may take as the elements of the surface 
the portions which are projected upon the corresponding 



i8o 
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elements of area in the plane of xy. If at a point within the 
element of surface, which is projected upon a given element 
A or A/, a tangent plane be passed, and if y denote the inclina- 
tion of this plane to the plane of xy^ the area of the correspond- 
ing element in the tangent plane is 

%^zy t^x t.y. 

The surface is evidently the limit of the sum of the elements 
in the tangent planes when A;r and t^y are indefinitely dimin- 
ished. Now sec ;/ is a function of the coordinates of the point 
of contact of the tangent plane ; and since these coordinates 
are values of x and y which lie respectively between x and 
X ■\- L.X and between^ and^ + Aj, the theorem proved in Art, 
99 shows that this limit is 



5 = sec y dx dy. 



153. The value of sec y may be derived by the following 

method. Through the point P of 
the surface let planes be passed 
parallel to the coordinate planes, 
and let PA and PE, Fig. 17, be the 
intersections of the tangent plane 
with the planes parallel to the 
planes of xz and j^. Then PD and 
PE are tangents at P to the sec- 
tions of the surface made by these 
planes. The equations of these 
sections are found by regarding y 
and X in turn as constants in the equation of the surface ; there- 
fore denoting the inclinations of these tangent lines to the plane 
of xy by ^ and ^, we have 




Fig. 18. 



tan ^ = 



dz 
d'x' 



and 



dz 
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in which — and-j- are partial derivatives derived from the equa- 

tion of the surface. 

If the planes be intersected by a spherical surface whose 
centre is Py ADE is a spherical triangle right angled at A, 
whose sides are the complements of ^ and ^. Moreover, if a 
plane perpendicular to the tangent plane PED be passed 
through APy the angle FPG will be y, and the perpendicular 
from the right angle to the base of the triangle the comple- 
ment of y. 

Denoting the angle EAF by 6, the formulas for solving 
spherical right triangles give 



/J tan ^ J . ^ tan ^ 

cos B = , and sm u = , 

tan y tan y 



Squaring and adding, 



_ tan^ ^ + tan^ ^ 



2 



\,2Xi* y 



or tan^ y = tan^ ^ + tan^ ^ ; 



whence sec» r = i + (^)' + ($)'• 



Substituting in the formula derived in Art. (152), we have 



-^^L-dA^]--*- 



154. It is sometimes more convenient to employ the polar 
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element of the projected area. Thus the formula becomes 



5= sec yrrfr^^, 



where sec y has the same meaning as before. 

For example, let it be required to find the area of the sur- 
face of a hemisphere intercepted by a right cylinder having a 
radius of the hemisphere for one of its diametets. From the 
equation of the sphere, 

a^+/+-8«=tf», (i) 

we derive 

dz X dz y 

dx^ z^ dy^ z * 

whence 

therefore 5 = <2 , 

the integration extending over the area of the circle 

r = ^cos 6 (2) 

Since equation (i) is equivalent to 

.s* + ^ = ^, 

« 
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From (2) the limits for ;• are Tx = O, and r^ = « cos 0^ 
hence 



S^A{\ -sin^rfl?, 



in which a sin B is put for the positive quantity V{c? — ^2'). The 
limits for^ are — • \7t and J;r, but since sin 6 is in this case to 
be regarded as invariable in sign, we must write 



5 = 2a» f '(I - sin 6) de = nc?- 2^. 

Jo 



If another cylinder be constructed, having the opposite radius 
of the hemisphere for diameter, the surface removed is 
27ta^ — 4^, and the surface which remains is 4^^ a quantity 
commensurable with the square of the radius. This problem 
was proposed in 1692, in the form of an enigma, by Viviani, a 
Florentine mathematician. 





Examples XL 

I. Find the surface of the paraboloid whose altitude is a, and the 
radius of whose base is d. 



2. Prove that the surface generated by the arc of the catenary given 
in Ex. X., I, revolving about the axis of a*, is equal to 

7r{cx + sy), 

3. Find the whole surface of the oblate spheroid produced by the 
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revolution of an ellipse about its minor axis, a denoting the major, 
b the minor semi-axis, and e the excentricity, — ^^ ' . 

. . h\ I +<r 

2«'tf + W - log . 

e ° 1 —e 



4. Find the whole surface of the prolate spheroid produced by the 
revolution of the ellipse about its major axis, using the same notation 
as in Ex. 3. 

,, , ,sin"V 



5. Find the surface generated by the cycloid 

or = a (^ — sin ^), y = a {1 — cos tp) 

revolving about its base. — Tra'. 



6. Find the surface generated when the cycloid revolves about the 
tangent at its vertex. 



7. Find the surface generated when the cycloid revolves about its 
axis. 



8;ra'^7r-^y 



8. Find the surface generated by the revolution of one branch of 
the tractrix (see Ex. X., 5) about its asymptote. 



27ra\ 
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9. Find the surface generated by the revolution about the axis of 
X of the portion of the curve 

which is on the left of the axis of ^. 

7r[ |/2 + log (i + V2)]. 

10. Find the surface generated by the revolution about the axis of 
X of the arc between the points for which x-=- a and jc = ^ in the 
hyperbola 

xy = It, 

11. Show that the surface of a cylinder whose generating lines are 
parallel to the axis of z is represented by the integral 



==jzds, 



where s denotes the arc of the base in the plane of xy. Hence, 
deduce the surface cut from a right circular cylinder whose radius is 
a^ by a plane passing through the centre and making the angle a with 
the plane of the base. 2a^ tan a. 

12. Find the surface of that portion of the cylinder in the problem 
solved in Art. 154, which is within the hemisphere. 2a". 

13. Find the surface of a circular spindle, a being the radius and 
2c the chord. 



47ta\ c — V(a' — r')sin-'- 
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XII. 

The Area generated by a Straight Line moving in any 

Manner in a Plane. 

155. If a straight line of indefinite length moves in any man- 
ner whatever in a plane, there is at each instant a point of the 
line about which it may be regarded as rotating. This point we 
shall call the centre of rotation for the instant. The rate of 
motion of every point of the line in a direction perpendic- 
ular to the line itself is at the instant the same as it would 
be if the line were rotating at the same angular rate about this 
point 'as a fixed centre.* Hence it follows that the area 
generated by a definite portion of the line has at the instant 
the same rate as if the line were rotating about a fixed instead 
of a variable centre. 

156. Suppose at first that the centre of rotation is on the 
generating line produced, pi and /og denoting the distances from 
the centre of the extremities of the generating line, and let^ 
denote its inclination to a fixed line. By substitution in the 
general formula derived in Art. no, we have 

♦Compare Diflf. Calc, Art. 332 [Abridged Ed., Art. 176], where the moving 
line is the normal to a given curve, and the centre of rotation is the centre of cur- 
vature of the given curve. If the line is moving without change of direction, the 
centre is of course at an infinite distance. 

When the line is regarded as forming a part of a rigidly connected system in 
motion, its centre of rotation is the foot of a perpendicular dropped upon it from 
the instantaneous centre of the motion of the system. Thus, if the tangent and 
normal in the illustration cited are rigidly connected, the centre of curvature, C, is 
the instantaneous centre of the motion of the system, and the point of contact, P^ 
is the centre of rotation for the tangent line. 
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Applications. 

157. The area between a. curve and its evolute may be 
generated by the radius of curvature p, whose inclination to 
the axis of ;r is ^ H- \ny in which ^ denotes the inclination 
of the tangent line. Since the centre of rotation is one 
extremity of the generating linep, the differential of this area 
is found by substituting in the general expression /Oi = O and 
p^^=^o. Hence when p is expressed in terms of ^, 



^-\f?d^ 



expresses the area between an arc of a given curve, its evolute, 
and the radii of curvature of its extremities, the limits being 
the values of ^ at the ends of the given arc. 
I58a For example, in the case of the cardioid 

r-=.a{\ — cos ^), 

it is readily shown, from the results obtained in Art. 145, that 
the angle between the tangent and the radius vector is \B\ and 

therefore ^ = |S, and 

ds An . 6 

.. ^^ 3 3 

To obtain the whole area between the curve and its evolute, 
the limits for B are o and 2n ; hence the limits for ^ are o 
and '^n. Therefore 

159. As another application of the general formula of 
Art. 156, let one end of a line of fixed length a be moved 
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along a given line in a horizontal plane, while a weight at- 
tached to the other extremity is drawn over the plane by the 
line, and is therefore always moving in the direction of the 
line itself. The line of fixed length in this case turns about 
the weight as a moving centre of rotation. Hence the area 
generated while the line turns through a given angle is the 
same as that of the corresponding sector of a circle whose 
radius is a. 

The curve described by the weight is called a tractrixy and 
the line along which the other extremity is moved is the direc^ 
trix. When the axis of x is the directrix, and the weight 
starts from the point (o, ^), the common tractrix is described ; 
hence the area between this curve and the axis is \nc?, 

160. Again, in the generation of the cycloid, Difl. Calc, 
Art. 288 [Abridged Ed., Art. 156], the variable chord RP may 
be regarded as generating the area. The point R has a motion 
in the direction of the tangent RX\ the point P partakes of 
this motion, which is the motion of the centre C, and also has 
an equal motion, due to the rotation of the circle in the direc- 
tion of the tangent to the circle at P, Since the tangents 
at P and R are equally inclined to PR^ the motion of P in a 
direction perpendicular to PR is double the component, in this 
direction, of the motion of R, Therefore the centre of rota- 
tion of PR is beyond 7? at a distance from it equal to PR. 
Hence, denoting PRO by ^, 

Pi = PR — 2a sin ^, /Oj = 2PR = 4a sin ^. 

Substituting in the formula of Art. 1 56, we have for the area 
of the cycloid, since PRO varies from o to ;r, 



A = 6c? sin^ ^^^ = ^nc?. 
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Fig. 19. 



•. r Sign of the Generated Area. 

Y 161- Let AB be the generating line, and C the centre of 
Totation. The expression, 

dA^\{pi--p^d^, (I) 

for the differential of the area, was obtained upon the supposi- 
tion that A and B were on the same side of C Then suppos- 
ing 9%> fh^ and that the line rotates in the positive direction^ 
as in figure 19, the differential of the area is 
positive; and we notice that every point in the 
area generated is swept over by the line 
AB, the left hand side as we face in the 
direction A B preceding, 

162. We shall now show that in every 
case, the formula requires that an area 
.swept over with the left side preceding, shall be considered 
as positively generated, and one swept over in the opposite 
direction as negatively generated. 

In the first place, if C is between A and 
B so that Px is negative, as in figure. 20, p^ 
is still positive, and formula (i) still gives 
the difference between the areas generated 
hy AB and AC. Hence the latter area, 
which is now generated by a part of the 
line AB, must be regarded as generated 
negatively, but the right hand side as we 
face in the direction AB of this portion of the line is now 
preceding, which agrees with the rule given in Art. 161. 

Again, if C is beyond B, the formula gives the difference 
of the generated areas ; but since pf is numerically greater 
than pi, in this case, dA is negative, and the area generated by 
AB is the difference of the areas, and is negative by the rule. 





Fig. 20. 



igo 
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Finally, if the direction of rotation be reversed, ^/^ and 
therefore dA change sign, but the opposite side of each por- 
tion of the line becomes in this case the preceding side. 

163. We may now put the expression for the area in another 
form. For 

dA = 1(^2^ ~ pl) d<l>={p,-^ a) ^4-^V^; 

whatever be the signs of p^ and Pi, the first factor is the length 
of ABy which we shall denote by /, and the second factor is 
the distance of the middle point oi AB from the centre of 
rotation, which we shall denote by p,». Hence, putting 



/>8 - Pi = /, 
we have 

Since p 



and 
A = yp^ d<fi. 



Pa + A _ ^ 
2 ""^'"' 



(2) 



e p^ d(l> is the differential of the motion of the middle point 
direction perpendicular to AB, this expression shows that 
differential of the area is the product of this differential by 
length of the generating line. 



m a 

the differential 



the length of the generating 



Areas generated by Lines whose Extremities describe 

Closed Circuits. 



S>» 



164. Let us now suppose the generating line AB to move 

from a given position, and to return to the 
same position, each of the extremities A and 
B describing a closed curve in the positive 
direction, as indicated by the arrows in figure 
21. It is readily seen that every point which 
is in the area described by B, and not in that 
described by Ay will be swept over at least 
once by the line AB, the left side preceding, 

Fig. 21. and if passed over more than once, there will be 
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an excess of one passage, the left side preceding. Therefore 
the area within the curve described by jff, and not within that 
described by Ay will be generated positively. In like manner 
the area within the curve described by A, and not within that 
described by By will be generated negatively. Furthermore, all 
points within both or neither of these curves are passed over, 
if at all, an equal number of times in each direction, so that the 
area common to the two curves and exterior to both disap- 
pears from the expression for the area generated by AB, 

Hence it follows that, regarding a closed area whose perimeter 
is described in the positive direction as positive y the area generated 
by a line returning to its original position is the difference of the 
areas described by its extremities. This theorem is evidently 
true generally, if areas described in the opposite direction are 
regarded as negative. 



Amslers Planimeter. 

165. The theorem established in the preceding article may 
be used to demonstrate the correctness of the method by 
which an area is measured by means of the Polar Planimetery 
invented by Professor Amsler, of Schaffhausen. 

This instrument consists of two bars, OA and ABy Fig. 22, 
jointed together at A, The rod OA turns on 
a fixed pivot at (9, while a tracer at B is carried 
in the positive direction completely around 
the perimeter of the area to be measured. At 
some point C of the bar AB ^ small wheel is 
fixed, having its axis parallel to ABy and its 
circumference resting upon the paper. When 
^is moved, this wheel has a sliding and a roll- 
ing motion ; the latter motion is recorded by 
an attachment by means of which the number Fig. 22. 

of turns and parts of a turn of the wheel are registered. 




\ 
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166- Let M be the middle point of AB^ and let 
OA-a, AB = by MC=c. 




Since d is constant, the area described by-^^ is by equation (2), 
Art. 163, 



Area^^ 



= i\Pmd(p (i) 



Denoting the linear distance registered on the circumference 
of the wheel by s, ds is the differential of the motion of the 
point Cy in a direction perpendicular to AB^ and since the dis- 
tance of this point from the centre of rotation is Pm + ^, 

ds = {pm -\- c)d^\ 
substituting in (i) the value of p„td^y 

Kr^?iAB=^b\ds-bc[d^ (2) 

167- Two cases arise in the use of the instrument. When, 
as represented in Fig. 22, O is outside the area to be meas- 
ured, the point A describes no area, and by the theorem of 
Art. 164, equation (2) represents simply the area described 

by ^. In this case ^ returns to its original value, hence d^ 

vanishes, and denoting the area to be measured by-^, equation 
(2) becomes 

A^bs (3) 

In the second case, when O is within the curve traced by -5, 
the point A describes a circle whose area is nc^^ and the limit- 
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ing values of ^ differ by a complete revolution. Hence in this 
case equation (2) becomes 

A — no? = is — 2nb€y 

or A=bs •¥ 7t{a^ — 2bc)* (4) 

In another form of the planimeter the point A moves in a 
straight line, and the same demonstration shows that the area 
is always equal to bs. 



Examples XII. 

I. The involute of a circle whose radius is a is drawn, and a tangent 
is drawn at the opposite end of the diameter which passes through the 
cusp ; find the area between the tangent and the involute. 

tfV (3 + n^) 



2. Two radii vectores of a closed oval are drawn from a fixed point 
within, one of which is parallel to the tangent at the extremity of the 
other ; if the parallelogram be completed, the area of the locus of its 
vertex is double the area of the given oval. 

3. Show that the area of the locus of the middle point of the chord 
joining the extremities of the radii vectores in Ex. 2, is one half the 
area of the given oval. 



* The planimeter is usually so constructed that the positive direction of rotation 
is with the hands of a watch. The bar b is adjustable, but the distance ^^ C is fixed 
so that c varies with h. Denoting AChy q, we have c ■= q — \b^ and the constant 
to be added becomes C= jr (a* — 2,bq -h b^) in which a and^ are fixed and b adjusta- 
ble. In some instruments q is negative. 

It is to be noticed that in the second case s may be negative ; the area is then 
the numerical difference between the constant and bs. 
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4. Prove that the difference of the perimeters of two parallel ovals, 
whose distance is ^, is 2nby and that the difference of their areas is the 
product of b and the half sum of their perimeters. 

5. A lima9on is formed by taking a fixed distance he on the radius 

vector from a point on the circumference of a circle whose radius is a ; 

show that the area generated by b when ^ > 2a is the area of the lima- 

9on diminished by twice the area of the circle, and thence determine 

the area of the lima9on. 

n{2a^ + ff). 

6. Verify equation (4), Art. 167, when the tracer describes the 
circle whose radius is « + ^. 

7. Verify the value of the constant in equation (4), Art. 167, by 
determining the circle which may be described by the tracer without 
motion of the wheel. 

8. If, in the motion of a crank and connecting rod (the line of motion 
of the piston passing through the centre of the crank), Amsler's record- 
ing wheel be attached to the coiltiecting rod at the piston end, deter- 
mine s geometrically, and verify by means of the area described by the 
other end of the rod. 

9. The length of the crank in Ex. 8 being a, and that of the con- 
necting rod ^, find the area of the locus of a point on the connecting 

rod at a distance c from the piston end. 

ncfc 



10. If a line AB of fixed length move in a plane, returning to its 

ori^Xi2X '^O'AXxQTiwitJiout making a complete revolution^ denoting the areas 

of the curves described by its extremities by {A) and (^), determine 

the area of the curve described by a point cutting AB in the ratio 

tn : «. 

n{A) + m{B ) 

m + n 



\ 
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II. If the line in Ex. 10 return to its original position after making a 
complete revolution^ prove ffolditch*s Theorem ; namely, that the area of 
the curve described by a point at the distance c and c' from A and B is 



c\A) + c {£) _ 



ncc. 



12. Show by means of Ex. 11 that, if a chord of fixed length move 
around an oval, and a curve be described by a point at the distances 
c and c' from its ends, the area between the curves will be 7tcc\ 



XIIL 
Approximate Expressions for Areas and Volumes. 

168. When the equation of a curve is unknown, the area 
between the curve, the axis of ;r, and 
two ordinates may be approximately ex- 
pressed in terms of the base and a lim- 
ited number of ordinates, which are sup- 
posed to have been measured. 

Let ABODE be the area to be de- 
termined ; denote the length of the base 
by 2h ; and let the ordinates at the ex- 
tremities and middle point of the base 
be measulred and denoted hy y^,y^, andjg. Taking the base for 
the axis of x, and the middle point as origin, let it be assumed 
that the curve has an equation of the form 

^ = ^ +^^4 C:r« + />;r»/ (l) 




Fig. 23. 



then the area required is 



A = ydx:=-Ax-\' 
J -h 



Bx^ C^ Dxn^ h 



+ 



4- 



•J-, 



h 2 3 4 -J -A 

in which which A and C are unknown. 



-(6^ + 2a«), . (2) 
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In order to express the area in terms of the measured 
ordinatesy we have from equation (i), 

^i = ^ + 5A + CA* + DK", 

whence we derive 

J'l +^8 = 2^ + 2CA*, 

y\ + 4J2 + j's = 6^ + 2CA*; 



and substituting in (2), 



h 



^=-(j^i + 4^2+^8). • 

It will be noticed that this formula gives a perfectly ac- 
curate result when the curve is really a parabolic curve of the 
third or a lower degree. 

169. If the base be divided into three equal intervals, each 
denoted by A, and the ordinates at the extremities and at the 
points of division measured, we have, by assuming the same 
equation, 



?A 



_3>^ 



A==^\^j^dx=^i4A + 3C^ (1) 

a 

From the equation of the curve, 




y\ 



, Bh C» D» 
. , Bh Cf^ DJ^ 



8 



Fig. 34. 



n 



= ^+3^ + 9^^ + ?7^; 



8 
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whdlice jKi + J4 = 2A 4- - — , 

From these equations we obtain 



16 



» 



and c»= y^-y^-y*^y^ 



Substituting in equation (i). 






Simpson's Rules. 

170- The formulas derived in Articles 168 and 169, although 
they were first given by Cotes and Newton, are usually known 
as Simpson's Rules^ the following extensions of the formulas 
having been published in 1743, in his Mathematical Disserta- 
tions. 

If the whole base be divided into an even number n of 
parts, each equal to k, and the ordinates at the points of divis- 
ion be numbered in ordei^ from end to end, then by applying 
the first formula to the areas between the alternate ordinates, 
we have 

h 

^ = - (j'l + 4^2 + 2^8 + 4J'4 • • • + 4^« + ^«+ .)• 

That is to say, the area is equal to the product of the sum of 
the extreme ordinates, four times the sum of the even-num- 
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bered ordinates, and twice the sum of the remaining odd-num- 
bered ordinates, multiplied by one third of the common interval. 
Again, if the base be divided into a number of parts divis- 
ible by three, we have, by applying the formula derived in 
Art. 169, to the areas between the ordinates yxy^^^y^y^^ and so on, 

^ = ^ (^J + 3^2 + 3^3 + 2^4 + 3J5 . . . + lyn + jKn+x). 

Cotes' Method of Approximation. 

171. The method employed in Articles 168 and 169 is 
known as Cotes' Method, It consists in assuming the given 
curve to be a parabolic curve of the highest order which can 
be made to pass through the extremities of a series of equi- 
distant measured ordinates. 

The equation of the parabolic curve of the' «th order con- 
tains « 4- I unknown constants ; hence, in order to eliminate 
these constants from the expression for an area defined by the 
curve, it is in general necessary to have n ■\- \ equations con- 
necting them with the measured ordinates. Hence, if n de- 
note the number of intervals between measured ordinates over 
which the curve extends, the curve will in general be of the 
«th degree.* 

* \i H denotes the whole base, the first factor is always equivalent' to H 
divided by the sum of the coefficients of the ordinates ; for if all the ordinates are 
made equal, the expression must reduce to Hy^^, Thus, each of the rules for an 
approximate area, including those derived by repeated applications, as in Art. 170, 
may be regarded as giving an expression for the mean ordinate. The coefficients 
of the ordinates, according to Cotes' method, for all values of ;i up to » = 10, may 
be found in Bertrand's Calcul Integral^ pages 333 and 334. For example (using 
detached coefficients for brevity), we have, when « = 4, 

^ = :3: [7, 32, la, 32, 7] ; 

90 
and when » = 6, 

^ "^ 840 ^^^' ^'^' ^^* ^^^' ^^* ^^^' ^^^ 
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172. For example, let it be required to determine the area 
between the ordinates y^ and y^^ in terms of the three equi- 
distant ordinates y^, y^ and y^^ the fcommon interval being h. 

We must assume 

y^ A -^r Bx -\- C^ ; 

then taking the origin at the foot of ^^^i, 

from which A, B and C must be eliminated by means of the 
equations 

j^t = A+BA + Ch\ 
y, = A + 2Bh + 4^4*. 

Solving these equations, we obtain 

A =y^, 

Bh=-^'^'^y'-y^-, 

-- — ■ ■ - ■ — ■ — — — 

If we make a slight modification in the ratios of these last coefficients by sub- 
stituting for each the nearest multiple of 42, we have 

A--^— [42, 210, 42, 252, 42, 210, 42], 
040 

(the denominator remaining unchanged, since the sum of the coefficients is still 
840), which reduces to 

ZJ 

A = —\i, 5, 1,6, I. 5, i]- 

This result is known as WeddUs' Rule for six intervals. The value thus given to 
the mean ordinate is evidently a very close approximation to that resulting from 
Cotes* method, the difference being 

8^ fvi + ;'? + 15 0^3 + yti) - 6 (;/2 + y^) - 20^4]. 
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and substituting 

h 

173. It is, however, to be noticed, that when the ordinates 
are symmetrically situated with respect to the area, if n is 
eveuy the parabolic curve may be assumed of the (« -h i)th 
degree. For example, in Art. 168, ;« = 2, but the curve was 
assumed of the third degree. Inasmuch 2s Ay B^ C and D 
cannot all be expressed in terms of ji, ^2> and y^y we see that a 
variety of parabolic curves of the third degree can be passed 
through the extremities of the measured ordinates, but all of 
these curves have the same area.* 

Application to Solids. 

174. \{ y denotes the area of the section of a solid perpen- 
dicular to the axis of Xy the volume of the solid is y dxy and 

^ This circumstance indicates a probable advantage in making n an even num- 
ber when repeated applications of the rules are made. Thus, in the case of six 
intervals, we can make three applications of Simpson's first rule, giving 

^ = jg [i, 4, 2, 4, 2, 4, i], (i) 

or two of Simpson's second rule, giving 

^ = J^ [i, 3, 3, 2, 3, 3, i] (2) 

In the first case, we assume the curve to consist of three arcs of the third degree, 
meeting at the extremities of the ordinates _y:j and^'a ; but, since each of these arcs 
contains an undetermined constant, we can assume them to have common tangents 
at the points of meeting. We have therefore a smooth^ though not a continuous 
curve. In the second case, we have two arcs of the third degree containing no 
arbitrary constants, and therefore making an angle at the extremity of y^. It is 
probable, therefore, that the smooth curve of the first case will in most cases form a 
better approximation than the broken curve of the second case. 

In confirmation of this conclusion, it will be noticed that the ratios of the 
coefficients in equation (i) are nearer to those of Cotes* coefficients for » = 6, given 
in the preceding foot-note, than are those in equation (2). 
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therefore the approximate rules deduced in the preceding arti- 
cles apply to solids as well as to areas. Indeed, they may be 
applied to the approximate computation of any integral, by 
putting J' equal to the coefficient of x under the integral sign. 

The areas of the sections may of course be computed by 
the approximate rules. 



Woolley^s Rule. 

I75t When the base of the solid is rectangular, and the 
ordinates of the sections necessary to the application of Simp- 
son's first rule are measured, we may, instead of applying that 
rule, introduce the ordinates directly into the expression for 
the area in the following manner. 

Taking the plane of the base for the plane of xy^ and its 
centre for the origin, let the equation of the upper surface be 
assumed of the form 

z^A '\-Bx^Cy^'Dji?^'Exy-\-Ff^G^^Hx^y-VIxf-k-7f. 

Let 2h and 2k be the dimensions of the base, and denote 
the measured values of z as indicated in 
Fig. 25. The required volume is '^ 



F=r ^ zdydx. 



This double integral vanishes for every 
term containing an odd power of x or an 
odd power of j^: hence 




Fig. 25. 



F= 



4^,^^4^^ + 4^ 



= — [12^ +4Z?A« + 4F^]. 



. (0 
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By substituting the values of x and y in the equation of the 
surface, we readily obtain 

h^A, (2) 

ai -^ a^ + Ci + Cs = 4A + 4D/^ + 4/%*, ... (3) 

^2 + ^2 + ^1 4- ^8 = 4^ + 2/?//^ + 2i^^. ... (4) 

From these equations two very simple expressions for the 
volume may be derived ; for, employing (2) and (4), equation 
(i) becomes 

2/iJk 
V= — (^4-^1 + 2^3 + ^8+^2); • • • • (4) 

and employing (2) and (3), 

kk 
F= — («i +^^8 + 8<52 + ^i + ^s) (5) 

Equation (4) is known as Woolley's Rule ; the ordinates employed 
are those at the middles of the sides and at the centre ; in (5), 
they are at the corners and at the centre. 



Examples XIII. 

1. Apply Simpson's Rule to the sphere, the hemisphere, and the 
cone, and explain why the results are perfectly accurate. 

2. Apply Simpson's Second Rule to the larger segment of a sphere 
made by a plane bisecting at right angles a radius of the sphere. 



§ XIII.] EXAMPLES, 203 

3. Find by Simpson's Rule the volume of a segment of a sphere, b 
and c being the radii of the bases, and h the altitude. 



4. Find by Simpson's Rule the volume of the frustum of a cone, b 

and c being the radii of the bases, and h the altitude. 

7th ,, _ .V 
— {H^+bc-^ (f). 

3 



1 



5. Compute by Simpson's First and Second Rules, the value of 
, the common interval being -^ in each case. 



The first rule gives 0.6931487, and the second rule gives 0.6931505. 
The correct value is obviously log,2 = 0.6931472. 

6. Find the volume considered in Art. 175, directly by Simpson's 
Rule, and show that the result is consistent with equations (4) and (5). 

hk 
F= — [d5i + tft + ri + r, + 4 (^8 + ^ +^t + Ci) + 16^8]. 

7. Find, by elimination, from equations (4) and (5), Art. 175, a 
formula which can be used when the centre ordinate is unknown. 

V= — [4(«t + ^ + ^t + ^2) — (<^i + dft + ^i + ^t)]. 
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CHAPTER IV. 

Mechanical Applications. 




XIV. 



Definitions. 

176. We shall give in this chapter a few of the applications 
of the Integral Calculus to mechanical questions. 

The mass or quantity of matter contained in a body is pro- 
portional to its weight. When the masses of all parts of equal 
volume are equal, the body is said to be homogeneous. The 
factor by which it is necessary to multiply the unit of volume 
to produce the unit of mass is called the density^ and usually 
denoted by y. 

In the following articles it will be assumed, when not other- 
wise stated, that the body is homogeneous, and that the density 
is equal to unity, so that the unit of mass is identical with the 
unit of volume. When the mass of an area is spoken of, it is 
regarded as a lamina of uniform thickness and density, and the 
unit of mass is taken to correspond with the unit of surface. 
In like manner the unit of mass for a line is taken as identical 
with the unit of length. 

Statical Moments. 

177. The moment of a force, with reference to a point, is the 
measure of the effectiveness of the force in producing motion 
about the point. It is shown in treatises on Mechanics, that 
this is the product of the force and the perpendicular from the 
point upon the line of application of the force. 
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The moment of the sum of a number of forces about a 
given point is the sum of the moments of the forces. 

The statical moment of a body about a given point is the 
moment of its gravity ; the force of gravity being supposed to 
act upon every part of the body, and in parallel lines. 

178. In order to find the statical moment of a continuous 
body, we regard the body as generated geometrically in some 
convenient manner, and determine the corresponding dififeren- 
tial of the moment. 

In the case of a plane area, let the body be referred to 
rectangular axes, and let gravity be supposed to act in the 
direction of the axis of _^. Then the abscissa of the point of 
application is the arm of the force when we consider the 
moment about the origin. Let us first suppose the area to be 
generated by the motion of the ordinate^. The differential of 
the area is then y dx. The corresponding element of the sum, 

of which the integral ydx is the limiting value, see Art. 99, is 

yr^x, (l) 

in which yr is the ordinate corresponding to any value of x 
intermediate between a + (r — i) A;r, and a + r :^x. It is 
evident that the arm of the weight of the element (i) is such 
an intermediate value of x\ hence the moment of the ele- 
ment is ^ 

Xryr A;r. (2) 

The whole moment is therefore the limiting value of a sum 
of the form 

^^Xryr ^x. 

In other words, it is the integral 

•3 



»'< 



xydx, (3) 
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in which the differential of the moment is the product of the 
differential of the area and the arm of the force, which in this 
case is the same for every point of the element. In other 
words, the moment of tlie differential is the differential of the 
moment. 

179. As an illustration, we find the moment of a semicircle 
(Fig. 26) about its centre. The area may be 
generated by the line 2y, moving from ;r = o to 
X ^ a. The equation of the circle being 

;r« -I- y z= ^, 

the differential of the area is 

2 */(c? - :}?) dx. 

The moment of this differential is 
Fig. 26. 

2 V(^2? -- s?)xdx\ 

hence the whole moment is 



Centres of Gravity. 

180. If a force equal to the whole weight of a body be 
applied with an arm properly determined, its moment may be 
made equivalent to the whole statical moment of the body. 
If the force is in the direction of the axis oiy^ as in Fig. 26, we 
have, denoting this .arm by Ic^ 

Ic • Area = Moment, 
Moment 



X = 



Area 
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In like manner, supposing the force to act in the direction 
of the axis of jt, we may determine y for the same body. 

It is shown in treatises on Mechanics that the point deter- 
mined by the two coordinates x and y, is independent of the 
position of the coordinate axis. This point is called the centre 
of gravity of the area. The centre of gravity of a volume is 
defined in like manner. 

181. The symmetry of the form of a body may determine 
one oi more of the coordinates of its centre of gravity. Thus 
the centre of gravity of a circle or a sphere coincides with the 
geometrical centre, and the centre of gravity of a solid of revolu- 
tion is on the axis of revolution. The centre of gravity of the 
semicircle in Fig. 26, is on the axis of x ; hence to determine 
its position we have only to find !r. Dividing the moment 
of the semicircle found in Art. 179 by the area \7tc?^ we have 

— Aa 
X = — . 

182. In finding the moment of the semicircle (Art. 179), we 
regarded the area as generated by the double ordinate 27, and 
the differential of the moment was found by multiplying the 
differential of the area by Xy which is the arm of the force for 
every point of the generating line. 

We may, however, derive the moment from the differential 

of area, 

x^y, ......... (i) 

♦ since the area may be generated by the motion of the abscissa 

X from y= — a toy = a. But in this case to find the moment 
of the differential we must multiply it by the distance of its 
centre of gravity from the given axis. The centre of gravity of 
the line x is evidently its middle point, hence the required arm 
is ^x. Therefore the differential of the moment is 

^■. w 
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and consequently the whole moment is 



i-J"" ^dy^^^ {c?-f)dy^'^. 



This result is identical with that derived in Art. 179. 



Polar Formulas. 

183. When polar formulas are employed, r and being 
coordinates of the curved boundary of the area, the element is 
\t^ dd. Since this element is ultimately a triangle, we employ 
the well known property of triangles ; that the centre of gravity 
is on a medial line at two-thirds the distance from the vertex 
to the base. 

The coordinates of the centre of gravity of the element are, 
therefore, 

2 2 

~r sin ^ and — r cos 0. 



Hence we have the formula 



\\r zos e \t^ d(^ 2 [r^zo^edB 



X z=. 



^{r^de 3 I 



r^dd 



{r^sinOde 
and similarly J = - 



3 ^r^dd 
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184. To illustrate, let us find the centre of gravity of the 
area enclosed by the lemniscata 

t^=^c? cos 26. 



[^ (cos 2d;*cos e dd ' 

Whence J = — i^ — = ^ J' (cos 26) cos Odd. 



1: 



cos2dd6 



Put cos 20=z COS* ^, whence sin ^ = |/2 sin ^, 

and V2 cos 6d0 = cos ^ rf^, 






- 2i^2 fa . . ,. 2V2 3.1 ;r V2 

X = dJ cos*0 dd = =^ a^-^na. 

3 Jo ^ 3 4-2 2 8 



Solids of Revolution. 

185. To find the centre of gravity of a solid of revolution, 
we take the axis of revolution as the axis of ;r, and the circle 
whose area is nj^ as the generating element. Replacing y in 
equation (3), Art. 178, by this expression, we have for the stati- 
cal moment 



7r x^ dXj 



and for the abscissa of the centre of gravity 

*b 



_ X)^ 
Xzzzl^ 



dx 



b 
dx 



i a 
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186. To illustrate, we find the centre of gravity of a spheri- 
cal segment whose height is A. In this case, taking the origin 
at the vertex of the segment, and denoting the radius of the 
sphere by a^ we have 

f' = 2ax — ^. 

f* 2 1 "1* 

Hence ^ = ^ - = 3 iJ^.^-!.!^. 

\{2ax-x')dx a:^--ji\ 4 3a-A 

Jo 3 Jo 

If the centre of gravity of the surface of the segment be re^ 
quired^ since the differential of the surface is 27ty ds, we easily 
obtain the general formula 



1 



h 
xyds 



' o 

x = 






and, in this case the curve being a circle, y ds ^ adx; hence, 
substituting, we have 

x = ih. 



The Properties of Pappus. 

187- Let a solid be generated by the revolution of any plane 
figure about an exterior axis in its own plane. It is required 
to determine the volume and the surface thus generated. 

It is evident that this solid may also be generated by a 
variable circular ring whose centre moves along the axis of 
revolution ; denoting by ji and y^ corresponding ordinates of 
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the outer and inner circles respectively, the area of this ring is 
ni^y^ — y^. Hence 

But this integral is the statical moment of the given figure, 

since ji — j2 is the generating element of its area, and =^is 

the corresponding arm. Denoting the area of the figure by A, 
we may therefore write 






F= 27ryA ; 

that is, tie volume is the product of the area of the figure and the 
path described by its centre of gravity. 

The surface (5) of this solid is, by Art. 149, 



S =^ 2n\y ds ^2it\ds^ 



\{y denotes the ordinate of the centre of gravity of the arc s* 



Hence we have 5= iity^arc ; 

that is, the surface is the product of the length of the arc into 
the path described by the centre of gravity. 

These theorems are frequently called the properties of Gul- 
dinus ; they are, however, due to Pappus, who published them 

1588.. 

It is obvious that both theorems are true for any part of 
a revolution of the generating figure. 
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Examples XIV. 

1. Find the centre of gravity of the area enclosed between the 
parabola y = ^tnx and the double ordinate corresponding to the 
abscissa a, 

5 

2. Find the centre of gravity of the area between the semi-cubical 
parabola ay^ = x' and the double ordinate which corresponds to the 
abscissa a, 

- Sa 



3. Find the ordinate of the centre of gravity of the area between 
the axis of x and the sinusoid y = sin Xy the limits being x = o and 
x=7r. y=i7r. 

4. Find the coordinates of the centre of gravity of the area be- 
tween the axes and the parabola 



ay* ©*= ■■ 



X = — , and y = - . 
5 5 



5. Find the centre of gravity of the area between the cissoid 
y (a — jtr) = 0^ and its asymptote. 

Solution : — 

Denoting the statical moment by M and the area by A^ 

j^ — y JL — fL- == — 20^ (a — x)^ +5 f :)^{a'-x)^ dx 
Jo (a — x)^ Jo Jo 

/. Jf = V -^> hence jc= ^ . 

o o 
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6. Find the centre of gravity of the area between the parabola 
v* =r ^ax and the straight line j^ = mx. 

— %a ^ " 2a 
X = — 5, and y = — . 

7. Find the centre of gravity of the segment of an ellipse cut off 
by a quadrantal chord. 

— 2 a - - 2 ^ 

x-=i- * , and ^ = - 



37r — 2 3 ;r— 2 

8. Given the cycloid, 

yz=: a(\ — cos^Oj ^ = tf (^ — sin ^) , 



find the distance of its centre of gravity from the base. 



^ 6 • 



9. Find the centre of gravity of the area enclosed between the 
positive directions of the coordinate axes and the four-cusped hypo- 
cycloid 

j|;f 4. yl = ^t. 



Put x = a cos' 0, andy = a sin' 0. 



x=y= -^ — 
.315^ 



10. Find the centre of gravity of the area enclosed by the cardioid 

r = d:(i — cos 6). 

6 

11. Find the centre of gravity of the sector of a circle whose radius 
is a, the angle of the sector being 2a. 

Use the method of Art, 1 83. -^ = . 
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1 2. Find the centre of gravity of the segment of a circle, the angle 
subtended being 2 a and the radius of the circle a. 



Solution : — 

— Jacosa 2a Sin OL CxlOrCl 

"" Area ~ 3 Area ~ 12 Area* 

13. Find the centre of gravity of a circular ring, the radii being a 
and a^y and the angle subtended 2 or. 

- _ 2 a^ — ai sin a 

14. Find the centre of gravity of a circular arc, whose length is 2s. 

Solution : — 

We have in this case, taking the origin at the centre and the axis 
of X bisecting the arc, 



I xds 
X — ^ -^ 



s 

ds 



I. 



Put x^a cos 6, then ds =^ a ^G, and denoting by a the 

angle subtended by s^ we have 



a^ I cos B dB 



r. 



tfsmar c 
X = 



2S a a* 



2C being the chord. 



§w 
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y' 15. Find the coordinates of the centre of gravity of arc of the semi- 
cycloid whose equations, referred to the vertex, are 

^ = a (i — cos ^), and ^ = « (^ + sin ^). 

i = ^,andj;=(^-4)a. 

/ 16. Find the centre of gravity of the arc between two successive 
cusps of the four-cusped hypocycloid ^ c 'S' *^ C»-»'t^ J^ ^ 



/^^ 



17. Find the position of the centre of gravity of the arc of the semi- 
cardioid 

r = d: (i — cos 6), 

^ = — -^ and y = — . 
5 5 

18. A semi-ellipsoid is formed by the revolution of a semi-ellipse 
about its major axis ; find the distance of the centre of gravity of the 
solid from the centre of the ellipse. 

19. Find the centre of gravity of a frustum of a paraboloid of 
revolution having a single base, h denoting the height of the frustum. 

- 2h 

X=: . 

3 

20. A paraboloid and a cone have a common base and vertices at 
the same point ; find the centre of gravity of the solid enclosed 
between them. 

The centre of gravity is the middle point of the axis. 
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21. Find the centre of gravity of a hjrperboloid whose height is A, 
the generating curve being 

y = /« {2ax + o^\ 

- h Za A- %h 

4 3« + ^ 

22. Find the centre of gravity of the solid formed by the revolution 
of the sector of a circle about one of its extreme radii. 

The height of the cone being denoted by A, and the radius of the 
circle by a^ we have 

23. Find the centre of gravity of the solid formed by the revolution 
about the axis of x of the curve 

Ni a^y = ax^ — ^, 

between the limits o and a. 

x-^ 

24. A solid is formed by revolving about its axis the cardioid 

r = tf (i —cosG) ; 

find the distance of the cusp from the centre of gravity. 

— i6a 

25. Determine the position of the centre of gravity of the volume 
included between the surfaces generated by revolving about the axis 
of X the two parabolas 

y = mxj and j/* = m' {a — x). 

^ a m -^ 2m' 

^ = -r — r- 

3 tn-\- m 
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26. Find the centre of gravity of a rifle bullet consisting of a cylin- 
der two calibers in length, and a paraboloid one and a half calibers in 
length having a common base, the opposite end of the cylinder con- 
taining a conical cavity one caliber in depth with a base equal in size 
to that of the cylinder. 

The distance of the centre of gravity from the base of 
the bullet is ij} calibers. 

27. A solid formed by the revolution of a circular segment about 
its chord is cut in halves by a plane perpendicular to the chord ; 
determine the centre of gravity of one of the halves. This solid is 
called an ogival. 

Denoting by 2a the angle subtended by the chord, and by a the 
radius of the circle, the distance of the centre of gravity from the 
base is 

- _ tf 44 sin* a + sin* 2a 4- 32 (cos 201 — cos a) 
"" 16 sin a (2 + cos"* a) — 3a cos a. 

28. Find the centre of gravity of the surface of the paraboloid 
formed by the revolution about the axis of x of the parabola 

f - 4»i^, 

a denoting the height of the paraboloid. ^ 

- _ I (3^ — 2m) {a + m)i -f- 2/^» 



a: = 



5 (a •{■ m)^ — m^ 



29. Find the centre of gravity of the surface generated by the revo- 
lution . of a semi-cycloid about its axis, the equations of the curve 
being 

X = a(i — cos tp), and y= a{tp -h sin ^). 



2a IKTT — 8 

x = — ' -^ 
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30. Find the centre of gravity of the surface generated by the revo- 
lution about its axis of one of the loops of the lemniscata 



r* = a* cos 2O. 



- 2 + V2 
X = — -z — a. 



31. A cardioid revolves about its axis ; find the centre of gravity 
of the surface generated, the equation of the cardioid being 



r = a (i — cosG). 



x^=. - — 



63' 



32. A ring is generated by the revolution of a circle about an axis 
in its own plane ; c being the distance of the centre of the circle 
from the axis, and a the radius, determine the volume and surface 
generated. 

^= 2 7rV<7*, and 5= \7t^ca. 

33. A triangle revolves about an axis in its plane ; ^i, a^, and a^^ 
denoting the distances of its vertices from the axis, determine the vol- 
ume generated. 

2 7tA f V 

V = (ax + tf 8 + (h)^ 

o 

34. Find the volume of a frustum of a cone, the radii of the bases 
being ai and a^, and the height A, 

V=— (a^-h Chat + ^2*). 
3 



35. Find the volume and surface generated by the revolution of a 
cycloid about its base. 



§ XV.] MOMENTS OF INERTIA, 2ig 



XV, 

Moments of Inertia. 

188. When a body rotates about a fixed axis, the velocity 
of a particle at a distance r from the axis \& 

doo 

in which oo is the angle of rotation. The force which acting 
for a unit of time would produce this motion in a mass m is 
measured by the momentum 

doo 

The moment of this force about the axis is therefore 

o doD 
dt 

The sum of these moments for all the parts of a rigid system is 

at 

since the angular velocity, -j- , is constant. In the case of a 

at 

continuous body this expression becomes 



doj 
'dt 



if^dfHy 



in which dm is the differential of the mass. The factor 



\i^dMy 



^^- 
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which depends upon the shape of the body, is called its mo^ 
ment of inertia^ and is denoted by /. 

189. When the body is homogeneous, dm is to be taken 
equal to the differential of the line, area, or volume, as the case 
may be. For example, in finding the moment of inertia of a 
straight line whose length is 2^, about an axis bisecting it at 
right angles, we let x denote the distance of any point from 
the axis; then dm = rf;r,, hence we have 



)-a 3 12 -^ 



Again, in finding the moment of inertia of the semi-circle in 
figure 25, about the axis of ^, let dm^=^ 2ydx\ then, since every 
point of the generating line is at the distance x from the axis, 
the moment of inertia is 

« 

7=2 y^ dx=: 21 ^{c? — ^) :^ dx . 

* o Jo 

Putting X = asin 0, we have 

1 * 

I = .2a^{' co^0sm^0d0 = ^. liAM^ t(AC^ 

TAe Radius of Gyration. 

r90. If the whole mass of the body were situated at the 
distance k from the axis, its moment of inertia would be Bm. 
Now, if k is so determined that this moment shall be equal to 
the actual moment of inertia of the body, the value of k is the 
radius of gyration of the body with reference to the given 
axis. Hence 

^ ^ Moment of inertia 

Mass 
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Thus, for the radius of gyration of the line 2a:, whose moment 
of inertia is found in the preceding article, we have 

1? =- , or k= -- ' 

3 V3 

and for the radius of gyration of the semi-circle, whose area 
is iTva^f 

fr -=^'- y or ^ = - . 

4 2 

It is evident that this expression \^ also the radius of gyra- 
tion of the whole circle about a diameter, for the moment of 
inertia of the circle is evidently double that of the semi-circle, 
and its area is also double that of the semj-circle. 

191. It is sometimes convenient to use modes of generating 
the area or volume, other than those involving rectangular 
coordinates. For example, let it be require4 to find the radius 
of gyration of a circle whose radius is a^ about an axis passing 
through its centre and perpendicular to its plane. This circle 
may be generated by the circumference of a variable circle 
whose radius is r, while r passes from o to a. The differential 
of the area is then 2nrdr^ and the moment is 



= 27r\ 






Dividing by the area of the circle, we have 



>? = -. 

2 



192. Again, to find the radius of gyration of a sphere 
whose radius is a about a diameter. In order that all points 
of the elements shall be at the same distance from the axis, 
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we regard the sphere as generated by the surface of a cylinder 
whose radius is 4r, and whose altitude is 2y. The surface of 
this cylinder is therefore ^nxy. The differential of the volume 
is ^Ttxydx, and the moment of inertia is 



I=^^7t \x^y dx = 47r */(c? — x) ^dx. 



Putting ;p = ^ sin 6, 



ft 



= 4n<f\ si 

J o 



/=47r^ sm^ecos^ede = 



15 



Dividing by - — , the volume of the sphere, we have 



2C? 



5 



Radii of Gyration about Parallel Axes. 

193. The moment of inertia of a body about any axis exceeds 
its moment of inertia about a parallel axis passing through the 
centre of gravity ^ by the product of the mass and the square of 
the distance between the axes. 

Let h be the distance between the axes. Pass a plane 
through the element dm perpendicular to the axes, and let r 
and ri be the distances of the element from the axes. Then, 
r, ri, and h form a triangle ; let d be the angle at the axis 
passing through the centre of gravity, then 




f^=^r^'\r}^-2r^hzosQ (i) 



^«> 
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The moment of inertia is therefore 

I r^dm = Ti dm + Ifm — 2A ri cos dm . . , (2; 

Now Tx and B are the polar coordinates of dm, in the plane 
which is passed through the element; hence the last integral in 
equation (2) is equivalent to 



-2^1 



X dm. 



But \x dm\% the statical moment of the body about the axis 

passing through the centre of gravity. Now from the defini- 
tion of the centre of gravity, this moment is zero ; hence, 
equation (2) reduces to 

\7^ dmrzLVrldm '\- Ifm (3 

Introducing the radii of gyration, we have also 

l^^k^^B (4) 

194. As an application of this result, we shall now find the 
moment of inertia of a cone whose height is A, and the radius 
of whose base is ay about an axis passing through its vertex 
perpendicular to its geometrical axis. Taking the origin at 
the vertex of the cone, the axis of x coincident with the geo- 
metrical axis, and a circle perpendicular to this axis as the 
generating element, we have for the area of this element ;rj^, 
and for its radius of gyration about a diameter parallel to 

the given axis, •^. ,^. , ^^ ., ,, ^^^ 
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The distance between these axes being Xy the proposition 
proved in the preceding article gives an expression for the 
radius of gyration of the element about the given axis ; viz., 

^ •\-<- . Replacing f*, in the general expression for / (Art. 

4 
188), by this expression, and substituting for df»«the differen- 
tial ny^dx, we have 

ctx 
in which ^ = — . Therefore 

ft 

« 

and since k = , 



To find the . square of the radius of gyration about a 
parallel axis through the centre of gravity, we have 

To find the moment of inertia of a right cone about its 
geometrical axis we employ the same generating element as 
before ; but in this case the square of the radius of gyration is 

riv"''^ -• Hence 
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therefore 



/= , whence I?z=l±- 

lO lO 



Polar Moments of Inertia. 

195. In the case of a plane area, when the axis of rotation 
passes through the origin, we have 

r* = ;i:*+y, hence \r^ dm = Ua:^ + y) dm^ 

therefore /= \:i^dm + Ij^dm; 



that is, tAe sum of the moments of inertia of a plane area about 
two axes in its own plane at right angles to each other is equal to 
the moment of inertia about an axis through the origin perpendicU' 
lar to the plane. I in the above equation is called the polar 
moment of inertia. 

In the case of the circle, since the moment is the same 
about every diameter, the polar moment is twice the moment 
about a diameter ; that is, denoting the former by Ip and the 
latter by /«, we have 



A = 2 /« = 

^ 2 



See Art. 191. 



Examples XV. 



I. Find the radius of gyration of a circular arc (2^) about a radius 
passing through its vertex. 
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Solution : — 

Taking the origin at the centre, and the axis of x bisecting the arc, 
and denoting by 2 a the angle subtended by 2s, we have 



mk^={' fds=:a' [* sin' dQ. 



m = 2aa 



2 \ 2a / 



r 



2. Find the radius of gyration of the same arc about the axis of y^ 
and thence about a perpendicular axis through the centre of the 
circle. k=^a. 

3. Find the radius of gyration of the same arc about an axis through 
its vertex perpendicular to the plane of the circle. 

See Ex, XIV., 14, and denote by c the subtending chord. 

/^ 4« Find the moment of inertia of the chord of a circular arc, in 
/ terms of the diameter parallel to it, and its angular distance from this 
diameter. 

See Arts. 189 and 193. / = — (3 cos a -r. cos^or) . 

24 

K 

S ' 

5. Find the radius of gyration of an ellipse abo\it jan axis through 
its centre perpendicular to its plane. 

Find the radius of gyration about the major axis and about the minor 

axisy and apply Art. 195. 

e = i(a' + b\ 

6. Find the radius of gyration of an isosceles triangle about a per- 
pendicular let fall from its vertex upon the base (2b). 
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7. Find the radius of gyration about the axis of the curve, of the 
area enclosed by the two loops of the lemniscata 



« r* = a' cos 29. 



a* 



.^•=-3(3.-8). 

8. Find the radius of gyration of a right triangle, whose sides are a 
and b. about an axis through its centre of gravity perpendicular to its 
plan<>! 



>&» = 



18 



9, Find the radius of gyration of a portion of a parabola bounded 
by a double ordinate perpendicular to the axis, about a perpendicular 
to its plane passing through its vertex. ' 

10. Find the radius of gyration of a cylinder about a perpendicular 
that bisects its geometrical axis, 2/ being the length of the cylinder, 
and a the radius of its base. 

4 3 

11. Find the radius of gyration of a concentric spherical shell about 
a tangent to the external sphere, the radii being a and b, 

12. Find the radius of gyration of a paraboloid of revolution about 
its axis, in terms of the radius {i) of the base. 

3 

13. Find the moment of inertia of an ellipsoid about one of its 
principal axes. 

15 
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MECHANICAL APPLICATIONS. [Ex. XV. 



14. Find the radius of gyration of a symmetrical double convex lens 
about its axis, a being the radius of the circular intersection of the 
two surfaces, and b the semi-axis. 

15. Find the radius of gyration of the same lens about a diameter 
to the circle in which the spherical surfaces intersect. 



^ - 2o(^" + 3a') ^- 



THE END. 
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